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Preface

This volume contains the Track B �Work in Progress� proceedings of the ��th International Conference on

Theorem Proving in Higher Order Logics� TPHOLs ����� held from the ��th to ��rd of August ����� and the
proceedings of the workshop on Formalising Continuous Mathematics� FCM ����� held on the ��th of August
����� These events were collocated in Hampton� Virginia� USA� A volume containing the Track A papers of
the conference has been published as Springer	Verlag
s Lecture Notes in Computer Science Volume �����

The TPHOLs International Conference serves as a venue for the presentation of work in theorem proving
in higher	order logics� and related areas in deduction� formal speci�cation� software and hardware veri�cation�
and other applications� Fourteen papers were submitted to Track B� which are included in this volume�
Authors of Track B papers gave short introductory talks that were followed by an open poster session�

The FCM ���� Workshop aimed to bring together researchers working on the formalisation of continuous
mathematics in theorem proving systems with those needing such libraries for their applications� Over the
last few years there has been great interest in formalising real and complex analysis� Many of the major
higher order theorem proving systems now have a formalisation of the real numbers and various levels of
real analysis support� Some work has also been done on formalising complex analysis including standard and
non	standard analysis� This work is of interest in a number of application areas� such as formal methods
development for hardware and software application and computer supported mathematics� The FCM ����
consisted of three papers� presented by their authors at the workshop venue� and one invited talk by John
Harrison �Intel Corporation�� The three papers were accepted for publication in this volume�

All �
 papers in this volume were reviewed for relevance and quality of presentation by at least one person
appointed by the program committee of each event�
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Organization

TPHOLs ���� is organized by NASA Langley and ICASE in collaboration with Concordia University�
FCM ���� is organized by the University of Reading and ICASE in collaboration with Intel Corporation
and INRIA�

TPHOLs ���� Organizing Committee

Conference Chair� V��ctor A� Carre�no �NASA Langley�
Program Chair� C�esar A� Mu�noz �ICASE 	 NASA LaRC�

So��ene Tahar �Concordia University�

FCM ���� Organizing Committee

Workshop Chair� Andrew A� Adams �University of Reading�
Program Chair� Hanne Gottliebsen �ICASE 	 NASA LaRC�

John Harrison �Intel Corporation�
Laurent Th�ery �INRIA�
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�� ��� ���������� ���	�� ���������� ������ �������	���� �������  !��� ���	�� ��� �����	�� ����� ��� "���
�� � ��	#����� ���������!��$ %!�� ��
 ������������ #�� ��� �!� ���	�� ��� �����	�� ����� �� �!� ���� ���
#������������ ��� ��������������$
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 �� ��� ���
 �'������ ���	�� ������ �������	���� �� ��� ���� #������������ ������������
 ����������
#�� ��� �!� �!����	 ������ ��� �!� ��	�����$ (��
 �!� �����	  �"�� ������� #���)� ���	 ������ �����������$
��� �'�	���
 �!� ��	����� 	��!� #� �#�� �� "�� �!� �!����	 ������ ��� ����	�
�����
 ����� ����������
 ��
������	 ��������	�����$ %!� �!����	 ������  �"�� #���)� ���	 �!� �#����� �� ���	���
� ��� � � ����

���������� �������$

%!� ������ ���� �� ��� �*������ ���	�� ������		��� ����"����$ �� +�*������,  � 	��� �!�� �!� ����"����
�!�"�� #� ������� ���"�! ��� �Æ����� ���"�! �� "�� �� ���� ��� ����"�����$ �� +���	��,  � 	��� �!��
������	� ��� #� #��! �����)�� ��� ����)��$ %!� ��	����� �� ��������#�� ��� �Æ������
 �!� ������ ��� ���	�����$
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	"���2����"��� ��	�����$ %!��� ��� ������� ����� �!�� ��� ������ ��� �����������3 4� �!� ��	����� ��� �!����	
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%!��  ��� ��������� �������  ��! �!� �������	��� �� �!� &���./0 �����	 <=>?@$ &���./0 �� � ������� ���	�2
 ���
 �������� �� ���� ��������� #�� ��� ������$ &���./0 �� ���� �������� �� � +0������ .�����		���
�������	���, �0.��  !��� ������	�
 ���� �����	�
 ������
 ��� �����)������� ��� ��� #� ��)��� ��� �������
�� ��� ����!��$

A�� �� �!� ���#��	�  ��! �!� &���./0 ������ �� �!�� �� �� � ������� ���!�����"��$ %!� �!����	 ������
�� ������� �#��� �!� AB�	� ��	����� <4=@
 ��� �!� ���������� �� "�������������$ ��� ���� ��"�! �� �������

���� ���������
 ��� �������� �!�� �� �������� �� �!� ��	����� �� ��� ������#�� �� �!� ���	�� �����	
 !��������
�*������ ���	�� ���� ��� �������	���$

�� ����!�� ������� �*���
  � "��� �!� 8"./0 �����	 �� ����	�
� ��		"�������� ��������� ��� �!� ��2
��	#�� ���"� ��		"�������� �����	 <45
 44@$ �����
 �!�� ���1��� ��������� �!� ������ ���	 �!� ��	�����$
%� ����	�
� � ��������
 � ������  �"�� ������� �!� �������� ��� ��-"���	���� ���� �� �'�������� �� �!�
8"./0 ���� �!����C �!� ������  �"�� ����� ����	�
����� ������� �� �������� � +����2���!C, ��� �!� ���"��
 �"�� #� ������� �� � &0 )�� �� #� ��	����� #� �!� AB�	� ��	�����$ �!��� �"������"�
 �!��  �� � � ���$
�"��!��	���
 ����	�
����� ����������  ��� ��)��� �� 8"./0
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� �!� ���	�� �����	  ��! �� ����	#�� ���� ��������$ %!� ���!�����"��  � ������� ��
�!�� ����� �� �� �*��� �� ������ � �����	  !��� ���	�� ���������� ��� +)���2�����, ������	 ����������
 ���
�!� ������7��	����� ����������� �� ���	����$
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%!� �����	 ���!�����"�� �� �!� � �� ���"�� 5$ %!� ��)��� �������� �!��� �����3 4� � ���	 	��"��
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 ���
AB�	� �� "��� �� �!� ����"��� ��� ������� ��� �������������$

%!� ���	��� ����� �� &���./0 �� �!� ��)������ �� �!������ ��� ������$ � ������ �� ��)��� #� 4� ���
�����' ���)��� "���� ���	��
 5� ��� ����� ��� �� ������ �"���
 6� ��� ������� ��� �������������
 :� ��� �!����	�

�'������� �� ������� ��������� ��� �� ������ �"���
 ��� ;� ��!�� "�������� ��� ������� ��� ������2��������$
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 ��������� �"��� ��� �����
 �!�"�! ��� �� ���
 ������#�� �� � ��-"��� �����$ ��� �'�	���
 �!�
����� ��� ��������� �"��  �"�� ������#� �!� �	����� ������"����� �"�� �� � ������������� �����$

���� �	� ����� � 3
<	���@ ��� � 3 � � �� ��
< �@ �� � � ����� ��
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�� �!�� �"��
 �!� �����#��� �
 �
 ��� 	���2�����#��� �!�� ��������� ��#������ ���	� ��� � ���������� �
�����'�$ %!� ��-"���� ��#���� +	���, ��� + �, ��� �!� ���	���� �� �!� �"��C +	���, �� �!� 	��� ���	���

��� + �, �� �  ���2���	������ ��-"���	���$ %!� �� �������� �� �!� 	���2�	��������� �!�� &���./0 "��� ��
��������� ��������� �"���$ %!� ����������� �� �!� ��������� �"�� ��)��� � ������
 ������ ��������� �!�� ���
#� "��� �� +��)��, ��� ���� �� �!� ���	 � � �� � ���� � � �"#�����$ ���	 !���
 �� �� ������!���� ���
 ���
�'�	���
 �� ��)�� � ������� �"�� �� �������� �!��  �"�� ����� �� ��-"���� �� �!� ���	 � � � � � � �$
%!� �����  �"�� "�� �!� ��������� �"�� � ���
 ��� �!���  �"�� #� ��"� ���	����$

/� ������ 1"��	���� ��� ��)��� �� � ��	����  ��$ %!� �"�� ��� #���2���"����� �� �!� "������ ��	#��
����"�"�  �"�� #� �'������� "���� �!� ����� ��� �"��$
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 �!�� ��� #� �������  ��!�� � ����� �� ��� ����'

������	��� �!� �"#����"����$ 8��� �!�� �!� �����	��� �� �!� �� ���� "��� ������2����� �"#����"���� <4
 46@$
%!� ������� ��<�@ ���������� � ���	 ��  !��! �!� �����#�� � �� ���� �� �� #� ����
 ��� �!� ���	 ��<��@ ����������
��  ��! �� �"#����"��� ��� �$
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 ��! � ������ ����	���� ��� �!��� ��	�C �"	#��� !��� �� �������
����	����$ %!� �
���
 ���	 �������� � #������ ���"������3 �!�
�����#�� � �� #�"�� �� �!� �"#���	 �$

��� ��� ���	��  ��!����

%!� &�1��� 	"���2����"��� ��	�����
 �!� � �� �!� ���� !��� �� ���"�� 4
 �� 	��� "� �� �!��� 	�1�� �����$
%!� �����2���� ��� ��������#�� ��� ��	������ ���� �� �!� �"�������� �����	������ �������������� ���/�
 ���
�!� #���2��� �� ��������#�� ��� ���������� 	��!��� ���� ���	 ��/$ ��/ ���� ��������� ��� ����	�
������
���	 �!� 	����� ����� �� �!� ��	�����$ %!� ��/ �� �!� ���	��� ������� ��� �!�� �����C �� �� �!� ����"���  �
��� "���� ��� �����������  ��! &���./0$

"�� ����	� #��������	�� ��!��
���	���� %!� ��/ �� �������� �� #� � 	���	��
 #"� �������2�"�����
����� �����	������ ����"���$ %!� ��/ !�� !��!��2����� �"�������
 ����	���!��	
 ��� �#1��� �����$ ��  ���
������#� �� �� � � �����
 )��� �!� ���� �����	
 ��� �!�� �!� ������	�$

��� "#� ��!� 
�
��� %!� ��/ ���� �����	 �� #���� �� �!� ����	���!�� ��	#�� ����"�"�$ %!� ���� �����	
�� �!� � �� ���"�� 6$ %!��� ��� �!� ���	�� �������
 ����"���� ������ ��������  ��! �����"� #�� ����������
���� � � � ����� ��  ��� �� +#�'��, ��������
 ��"	�������� �F � � � ��  !��� ���"�� ����� ���	 F �� � � 4
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�� �� ��� � ���� ����� �� ����� �� ������� �� � �	�	 ����
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 ����������� �� �
���� �� ���������$ ���! 	���! ���� ��)��� � ��� � ��� �� �'�������� �$ A������������
 �!� ������� 	���! �������
�!� )��� ���� ��	� �	� �"�! �!�� � 
 �	
 ��� ����"���� �!� �'�������� �	$ �� ���'!�"����� 	���! �� � ���� �����$

%!� +�����, ��������� �� "��� ��� ���������� �� �"����
 ������"�����
 ������
 �� �	�	 ������$
%!� ����� ���������� ��)�� ���	������ �� ���� ��� ����� ���"�� �� ������$ %!� ����� ��������� �� �!� ����

���2�"�������� ���	����� �� �!� ����"���$
%!� +������, �����	��� ������� �!�� � ��������� 	"�� #� ��"�$ %!� �"���	� "��� �!��� ���������� ��

�������� ����� #�"���
 ��� ��!�� �"���	� ����������$

��� 
��%�


%!� .!�#�� ������ �������� ����	�� ��� �'�����#�� �������$ 0���"���� ��� #� �"�	�����  ��! �� �����'
��� ��	������
 ��� ����� �� �!� �����	 �"���	� ����	������$

%!� ������� ���"� �� �� �'�����#�� ������ �� �!� �������������� �� ��	����� �������J�!� ������	� �!��
������#�
 ��� ���! ���"�� �� �!� ���		��
 !� �� ���	 �!� �#������ �����' ����$ A"� �������! �� �� ���������
��� �����	������ ���	� �� ���	�
 ��� �� "�� �!� &���./0 ���	 �� ����� �� ��)�� ��	����� �������$

��� �'�	���
 ���"�� ; �!� � �!� ����"��� ����������� �� ��	��� ����!	���� �'��������� ����"���� ����������$
%!� ������ ����������� �� ����������� �� � ����"��� 	��"��
  !��! ��� #� �����	������� ��)��� ��� �'������
�� ��!������� 	��"���$ ����� �� �!�� ����"��� 	��"��
 .!�#�� ��� ��' ��� ����� � ��"��� ������ ��� ���"��
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���� ���� �� ���� �� �� ������� ����� �� ��� � ��������� ��������� �� ������� ����������� ��	 ����� ��
�����  !� "� #$% &�������� ������ �� � ������� ������ ������� ������� ����� ����� ���� ������� ���� ����������
�%�� ����'������� �� ����������� ���������� '������ ��� ������ ������ ���	 ��	 ��� ����(����� �������	��
��������� �� ��%

)�������(	������� ��������� ��� �����	 ������� ���������* �� �� �������� � 	������ �������� �� ���� � ��
�����	 � ������	 �� ��	 ���� '� ������� �� �% +�� �������� �, � 	������ �, � �� � 	������ � ��	 � 	������ �%
��� ���� �������� 	������ � �������� ���� ����� ��� �������� ��	 ������� �� �������� ��	 ��� ������	 �������
	������ � �������� ���� ����� ��� ����� ��	 ������� � ����% ��� ���'��� �� ���� 	� �� 	� ���� �� ��������
���� ��� � '���	 ��'����* ��� �������� ��� � -�. �� �� �������� ���� 	������ � �������� ������ � '������ ��
������������� �������� ��	 ��������� � '������ �� � ����������� -��� ��������� ���� ��� �� ������� '��	���.%

��� �'����� ������ ��� ��� ��������� �� ��� ������	 ������� ����	 '� � ��������� �-�� � . ���� ����� ���
����������� �� ����� ������* ��� ��� ��� '���	 ����� ��	 ��� ��� ��� '�	�� ��	 ���������� ��� �������� �
����% /� ���� ��� ������ ���� 	��������% 0�����	� �� ����� �	��� � ������(��	�� �'������ ������  1$% 2���� ��
���� 	��������� �� ��� ��� ����� '���3�� �� ���� �������� ���� �������� ������ -�� ������������ ���� 	�(����4�
��	����.� ���� �� �����3�	 ��  5$% ��� �� ��� � ������� '����* �� ������ �� �� ������ ��� ���� '��	��� ���������
�� ��� �������� '���� 	�����	% 0� ����������� ��� ������ ����� �������� ��� � ��� ��� ���� '��	��� �� �* ��
����� �� � ����(�����	 �������� �� �� ��������%

0����������� ��������� �� � ����������� �������� �� ������� 	��� �� � ��������������	 ���* ������
������ ��� ��������������6� ���������� �������� �� �� �� ������'�� �� �������� ������� �� ��� ��������%
7������� �� � ������� ������� ���� �� ������� ��� ��� ������ ��������� ��	 ��� ������ �� ������� ������	 ��
��� ���'����� �� ����������� �� ��� ��������% ��� '��� ������� �� 28�	�� ���'���  9$ ����� ��� ���	 �� �
����������� ���� '�� ��� 3� ��� �� ������ ������� ������% )�� ���� �� �� �������� �������������� ���� �������
��� ���� ��������� �� �������� �������� �������������* ���� �� ��� ������� �� ��������� '���� 	�����	 '�
���������% ��� ������ �� �������	 �� '� � ������ ���� ��� ��������� ��������� ����������	 �� �� ��� ���������
�� ����������� ���������%

���� ������������ �� �����	�	 ��� ��� ����� ������� '�� �� ����	 ������� �� � �����3� ��'��������� ���������
����� ����� ���� �������� �������'�� �� ��� ������� ����% &������� ����������� �'��� ����� ����� �� ������	
�� ����� �������* � ����� ���� �������� �� �������� �	� ��	 � ���� �� '���	 ��'������ ���� ���������� � ���� ��
'���	 �����'��� ��	 � ����% ���������� ���� ���� �� ��� � ���� ������������ ��������� ���� ��� ���������
�� ����� ��	������� ��� ������	 ���������%

&�������� �� ��� :������� �'���* �� '���� '� ������ ���� �� ��� ��������� �� �; ��� ��������� �� �
��	�
��� ������	 � �� ��� ������� ��� ����� �'���� '�� ��� ��������� ��� � �� ���� ��'���%


 ��
���	�� �� ��	���� ���������


���� � �� � '��	��� ��������� �� ����� � �������� �� �� ��������% )�� '���� ��:�������� �� ���� 	 -
. '� ���
������ �� ��� <
��(0������������6 ���� ������	 �� ��� 	 -�. ��	 
% ���� ����� ���� 	 ���	� �� '� � �����������	



#$ %�� &�� ���� ��� '
���
 (����

��	����	% 
� ��� ��������� �� �	��� ��� ��� 	 -�. �� ���� �� 	������ ��� � ������� ����� ���	����� ���� ��
	 -�. ��	 ����� '��	�� �� � ��� ���� � = ������%

��� ����� �; 
� ����� �� ��� ����	 ���� :������� '� ����� � ������(��	�� �'������ ������� ��	 ��� ����
���� �� 	�����	 �� �������� ��� �(�:��������� ����� �� ��� ���� �������� ����� ���� ����������� � ����	 '�
����	% +��� ���� ����� ������ �� ��� <����6 �� ����� �� ����� �(�:��������� ������� ������ ���� ��� ��������
�����%

������ ����� �� ��� ��������� ������ ���� �����	�� ��� �� ����� ������ �'��� ���� �� ��� ��������� �����%
��� 3��� ��������� �� ���� ������� ���� ��������� �� � ���� 	����	� ���� �� ������ � :����	 �������� ����

��	 �� ��� ��'����� �� � ������ ������������� ���*

� ����-
����> 
����> � � � > 
����. � ����

�� 
� * ���� � �� � ����


� * ���� � �� � ����
%%%

� * ���� � �� � ����

���� ����� 3��� '�� �� ����� ���� '���	 �����'���% +�� �������� ��� ��������� ��� '� �����	*

� �-�� �� � ? @ 	
�� " ��
� A. � ����

'������ � * ���� � �� � ? @ 	
�� " ��
� A � ����

��� ������� ���� �� �������� '�� ��� �������� ��������� �� ������ '������ ��� :����	 �(���� �������� � ��������
����� �� ��� � ��'��������� �������� = �� �� ��� � B��������C ��������% 0� ����� ���	�� ����� �� �� ���������
:����	 ���� ���� ���� ����� ����	� ���%

/��� ���������� ���� ����� �� ��� ������� �� �� ������� '�� ����	 ����� �� ��� ���� ���� ����� ����
���� ����*

"% �-�� �� � ? @ 	
�� " ��
� A.
A% �-�� �� � ? @ 	
�� " ��
� ".
#% ��� �� � ? @ 	
�� " ��
� A

��� ��� �(����� ��� 3��� '������ ����6�� '���� ���� ��'��������� ���������� ��	 ��� ���� ��� �� � ������
���� � ���� ��������% ��� 	�������� '������ ����� ����� ��	 ��� �������� ��� ��	������ ���� �� �����
���� ��� �'��� ����* ��� '���	 �����'�� �����	 ��� '� ���	 �� � �����% 0� �� � '��	��� ���� �����	 ���� '�
���	 �� �������� ������ �� ����� �� �� ���� ����� ���� ���� �����'�� �� ���� '���	 �� ���� ��� '� ���	% 0� ���
����	 ��������� ��� 3��� ��� 	�	 ��� ��� ��� '���	 ����� ������ ��� �������� �� �� ��� �����% ��� �����	 ���
������ ���	 ��� ������ '�� ����� ��� ��� '������� ��� �	������� �� �� �����'�� �� ����	 ���������� ��� ����
����> ��������� �� ��� '� ��������	 ������� ����� ��� ��	 ��� ���� ��� �� ��� � ���� '�� � �������� �� ������
�� �� ��� ��� ���� ����� �� �����%

��� ���������� �� ���� � '���	 �����'�� ��� '� ���	 ���� �� �� �������� �� � :����	 ���� �����������%
0� ����� ���	�� �� ��� ����� ���� �� � ����� ���� �� B��������������� �����C� ���� ���� �������� �����������
��  A$% ���� �� ���� ������� �� �����'��� ���� ��� '���	 '� 
�����6� ������ �����  D$ = ���� ��� ��������
�����'��� ���� ��� '� ���	 �� ��������� ���������� �� '���	 ��� �����������% /��� ��� �� ���� ������ �� �����
���� ��� ������� �� ��� ���� �������� �� � ����� �����% ��� ������ ���� ���� ��* �����'��� '���	 '� :����	
��������� 	� ��� '����� ���� ������ '��	���� �� ��� ����� ���� ���� 	� ��� �����	� ��� ������ ���'�� �� ���
������ ����� ����� = ��	 ���� �� ���� ���� �����	��� �������� �����������%

� ���� ����	�	��

/� ���� ������ �� �������� �����* ��� ���� �� �'4���� �����	�	 �� '� ��	����� ������ �'4���� ���� '��	���
���������% 
 ���� ������� 	�3������ �� ����� ������ �� 
������ 9% �� 	�3�� ��� ���� ����� �� ���� ���	 ��
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��� /��
��!0���� (�	
���
 '��
�� �� ����� #1

�����	��� � ���	������ �� ������ ����� �� ���	 �� 	���������� ������ ��'��������� ���������% ���� ���	�����
�� 	�3��	 �� 
������ D� ��	 �� ��� �����3� ����� ����� ��� �����	���	 �� 
������ D%"%


� ���	 �'���� ����� ��� 	�3��	 ���� ����� ������*

���� � ��������

����� ��� ����������	 '� ������	 ���������� ����� ���� ��� ��������� �� ��������� ���� ������ ����� ����
���� ��'��������� ���������% +�� �������*

� * �� * ���� � ���� � �� ������-�.� � ����

����� � ������� �� �� ����� ���� ����� ���� ��� �������� ���������% 2��������� �� ������ �� � ���	�����
���� ����������% �� �������� ������� �� 	��� ��� � ���� ��� ������� �� �����%

���� �� � ��'���� �� ������ ����� �������� ���� ������ �����'�� �����% E��������	������ ��� ? ���� �
� � ������ ��������� ��� � ����� ����� �����'��� ��� �(�:�������� ���� �� ����������% ��� ����������� ����
���� '� ���	 �� ��� ��������� ��� ���� �� ���� �� ��3���� ������ �� 	������� �����'��� �� ���� -��	 ���������
�� ���. ��	 ���� ����� �� �� ����� ��� �����	 ����� �� ��� ���%

� ������	���� ����
��	���� ��� �����

����� ��� ��� ���������� ���� ���� '� ���	�	 �� ��� ��������� ����*

	� ������ ��� �(�:��������� ����� �� �� �'4���%
	� �������� �� ������� �� �� �(�:��������� �����% ���� �� ���� ��������� ���� �� ��� ���� ������� ���

3��� ������'�� �����'�� ����� ����� ������������� ��	��%
	 	�	$ ����	��	 �������(����	��� ��'��������� �� ������% 0� ��� '� ���	 �� ��'������� ��� �������� �����'���

�� ��� ����� �����	�	 ���� ��� ���'�� �� �������	 ����� ������� ��� ���'�� �� �����'���� ����� ���
��� 	�������%

	  	�	$$ ��'��������� ��� ������ ����� �� 	�3��	 ����� ��� �'��� ���������� ��* �  ��
$$ ? �� ���
�$�%
�������-	. ������� � ��� ����� �%�%� �������-
. �� ������� ���� ��� '���	 �� 
 � �����%
������-	. �� ������� �� �������-	. '�� ��� ������ 	�3��	 ��* ������-�. ? �������-��.�%
��������-	. ������� � ��� ������ 	�3��	 ��*

��������-�. ? �������-�.�
����������-�. ? -��� 
 ? ��������-�. �� 
� �������-
� �..%

�������-	. ������� � ��� ����� 	�3��	 �� ��� ���� ��� �� ��������-	.%

/� ��� �������� �� ����� ���������� ���� ��� ����������	 �� ��� ����� ��	 ������ �� ����� ��������� ��
�� �'����� ���% ��� �������-	. ��	 ������-	. ���������� ��� ������� �����	�	 �� ��������� '� �������� ��
���� �����	 	���� ���� �������� -���� �� ���� <@6. ��	 ����� ��� ������*

�� * ����������� �������-�. ? �������-�-@�..

����� �� ���� ����� 4������ ������ �� ��� ���� ��? ��� '� ���������� ������ �� ��� ���� � ?� �� �������
����������� ���� ����������%

����* �� �������� ��	������ ��� ����� �� � ����� ��	 � ��� �� ��	�� ��� ��������% +�� �������� � * ����

����� ���� � �� � ���� �� � ����� ��	 ���� �� �� ��� ��� ������� �� ���� ����> ���� ��� � �� � �������� ����
� * " � � � ���-�. �� ��� ��� ������� �� �%

��� ������	
� ���
�����
� 	
� �	���

0� ���� ������� �� ����� ������� ����������� ��	 	�����	 ����� �'��� ��'��������� = ��� ����������� ���
��� �����	 ���� '�� �� ����� ���� �� �� ����� ���� ��� ��� ���� ��� ��� �������'�� 	�3������ �� ��'���������
-��� ���� �������� ��� ����� ���� '��	��� ���������.% ���� ������ �� �� ���� ��'��������� �� ����� ��	 ����	
������� ���� � �����3� ��������������% ����� ���� '� ���	 �� ��� ��������� ����%
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���� ���� �� ������ ���	 ���� �����	 �� � '����� ����� ��� �! '����%
�# �� * ����� � ? ���

'������ � � ���� 
 ���? ����? �%
�! ���� �� * ������� 
 * ������ � * ������ �� ?� �� 
 � ���
$ ?� � ���
$

���� ���� ����� ���� ����� �A ��� '� ���	 �� � ��'���� �� �� �(�:������� �����* �
� � * ������ 
 ?� 
 �����$
�9 ���� �� * ������ 
 * ������� 
 * ������ �� ?� �� 
 �� 
�
$ ?� �� 
�
$

���� ���� 
 �� ��� ���� �� '��� ��	�� -���� �����'��� �� ��� '�	� ��� ��� ������	.%
�D �
 * ������ �� * ������� � �� * ������� � 
�� � * ������ � 
� * ������ �

��� ��:����� 
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� ��� 	������� F � ��� 	�������� ��� ���� �� 
� ��
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���� ���� �� �� ���� �� ���� ���� ���� � � ������ '� �������� �� ��*
��� � ? ���������-
� ��� � � �.
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 ������� ���� ���	� ����* �� �� ���� �� ���� ���� ���� � � ������ �� �� �� ������ ��*
��� � ? ���������-
�� ���� � � ��.�? ��������-
� ��� � � �.

�5 �� * ������ 
� � * ������ �� 
 * �������
� ��� ��� ���� �� � ������ ��� 
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 ��������� �� ������� ��� ���	�	%
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��$$ ? �  �  
��$$�
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���� �� ������ ����� '� �A ��	 ��� 	�3������ �� 	  	�	$$� ����� ��� �������� ����%


 ������� ��������� ���� ������ ���� ����� ����� ��	 ������� �� ���� ���� ������ ��� ��	��	 ���������� ��
������* �� ���� �� ����� ��� �� B	����C �������� ������ �����	 '� ���	
 ����� �� '���	 �����'���� ����� ����
���	 ��� ������ ���� ���� ���������	��� �������� ��� �����%

� ����	�	��� �� ��	���� ���������

0� ��� ������� ����� � ������� �������� �	� ����� �� 	�3��	 �� � �������� ���� ����� �� ���� ��'���������
��������� -	��������	 '� �� �����. �� ���� �������� ��	 ������� � ���� �����% ���� �� 	��� �� ��� �'�����
���* ���� �� ��� ��'��������� ��������� �� ���	 �� ���� �� ��� �����'���> ���� ��� �������� ���� ��� ������
�����'���� ��� ��� �������	 ���� � �����> ��	 3������ ��� �(�:��������� ����� �� ���� ������ ���	���� ���
��������� ����% ��� ������ �������������� �� ��� ��� ��������� = �� ����	 �� ���� ����� ��	 �����% +��
�������*

�-�. ? �<�6�  � ������-�.�$� �-������-�..��$��
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'�� ���� ���� ��� ������� �� ��� ������� ���� -��	 �� ����� �������� ���	� ����� �� �����	 ���� �� � ����
����	� ��� � '���	 ����� � ����� �� � ���� �� �����.%

0�����	� �� ��� ���� ����� ��	 �'������ ����������� ����� ����	� ���������� �� �� ���� ��������������%
��� �		������� ����� �� ���	 ���*

� ���� ���� '� ���	 ��� ���� ���� ��'���>
� ��������� �� � ���	� ����� -����� � * �. = ��������� � ����� ���� � 	������� �����%

��������� ��� ������	 ���� � ����	
��
� ������������*

����	
��
� � � * � � -" � � � �� ����. � ����� � ���������


� ��������� ������ ��� ����	
��
� ��� '� ���� ������� ���� � �� �����*

����	
��
�-�� 
. ����	� ��� ����	
��
�-���-�.� -��� ��.� 
.

������ ��� ������	 ���� ��
��
�*

��
��
� � ���� � � * �

� � * -" � � � �� �.

� -� * " � � � �� ����������.

� �����


� ��������� ������ ��� ���� ����� ��� '� ���� ������� ���� �� � ��� ����� ��*
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��
�-��  ����	
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�.� � � � � ����	
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�-��� 
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����� ��� '� ���	 ������	 ��
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�-�� �� -��� ���-��..� -��� ����	
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�-��� 
�...

��� ���� ����� �� ���	 �� � ���� ����� �� ��� ��'��� �� ���������� ��������� ���� ��� ��'���������
��������� -����� ��� �� ����� ���	�����.*

���
	����� ? �� * ���������� � �� ������-�.�

��� �� ���� ������	 ��� ����� ����� �� ��� 3����� 	�3�� � ����
� ����������� ��� ����� ����� ����
��
��
�*

����
� � ���� � � * �

� � * -" � � � �� �.

� -� * " � � � �� ���
	������.

� ����

���� �������� �� 	�3��	 ��*

����
�-�� �� �� �. ?
��
��
�-�� �� �� ��� ��� � ? ��������-��. �� ����	
��
�-��� ��-�.�..�

��	 ��� ��������� ������ ��� ���� ��*

����
�-��  ���� ���� � � � � ���� ���$.

����� ����	� ���
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�-�� �� ��� ��� ��� ��. ? ����
�-�� �� �� �.
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 ������	 �������� �� � ���� ����������� ����� ���� ����
� ���� ���� 3��	 �������� ���� ��	 �����
����% +�� �������� <�6 ��	 <�6 ��� 	�3��	 ��*

�-�. ? ����
�-<�6�  �"� ��$.� �-�� �. ? ����
�-<�6�  �@� ��� �"� ��$.

���� ���� ����� ����
� �� ������	� � ������	 �������� �� ��	� '� ���������� ��� 3��� ����� ������* ����
�-�� �� �.%
0� �		����� �� ��� ����������� ��	 ����� �����	���	 �� 
������ !%"� �� ������� ������ ��� ���������*

�"@ /� ������� ��� ��� ���� ��'��������� ��������� ���� ������ = ��� ��� �� �� �� �� �� ���� ����

�� 
	 �� ���� �� 
� ���� ���� �� �� ��� ���� �� ������ �	 �� 
	

������
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�-�� �� �� ��� ����	
��
�-��� 
�.. ��
$ ?� ��
��
�-�� �� �� ��� ����	
��
�-��� 
� ��
$..

�� ��� ��� �� �� ���� ����� ��� �������'�� 	�3������ �� ��'���������� �� �� ������� �� 3��� ��� ���� �
������	����� ���� ����	 '� ���	 �� ���� ���� �� �� ����� ���� �� �� 
> ���� �� ��� ����������� ��� ��� ������
���	� '�� ��� ����������� �� �������� �������%
+���� �� ���� �� 
	 �� ��� ���� �� 
�� ���� ����� �� �� ���	 ��� ��� ������������ ����� �� 	��� ��� ���� ���
����� �� ��� ������% ���� �� �� 	��� ������ �� 
�� ���� �� �� ������ �� ���� ��� ���������� ��� ��� �'���
�� ������ �� �(�:������* -�. �� ���� �� �� ��� ���� �� �	 ���� ������� '� �� �� �������'��> -'. �� 
	 �� ���
�� ��� ���� ���� �� ��� 
	 ���� ��� ��� B�������	 ���C �� ��� '�	�%


 
 ���� ������� �� ���� ���������� ���� ���	� ��� ����� = �� ���� �� �� ����� ���� �� �� 
� ��-@
��. ����*

����
�-�� �� �� ��� ��.  ��
$$ ? ����
�-�� �� �� ��� ��� ��-�.  ��
$$.

7������� �� ����� ��� ���� ���� ���� �� ��� ���	�	� �� �� ����� �� �����%
�"" 
 ������ ���� �'��� �������� '���	 �����'���*

���� �� * ������ �� ��� 	������� F �� ��� 	������� F �� ��� ��� ���� �� ��

 ��
��
�-�� �� �� ��� ����	
��
�-��� ��..

?� ��
��
�-�� �� �� ��� ����	
��
�-��� �� �����$..

� ����	�� �� �����


 �������� �� � �����������	 ��	����	 �� ����� ������ �� ����������� ��'��������� ���� �� �� �:�������� ��% +�����
�� 	�����'� ���� ����� ������� ����� �� ���� ��� ��'���������� ���� �� ����*

�� ������-�. � �� * ������ �
 * ������ �
 * ������� �-
�. ? � 
�
$� -".

���� ���� � ������� � ���� ����� �� �� �(�:��������� ������ �� �� ���� �� �:������ ������ ���� �� �(�:������%
���� �����	 '� �:�������� �� 	������� ����� � ���� �������� ��� � *

�� ������-�. � �� * ������ �
 * ������ �� * ������ �-�. ? � ���
$� -A.

/� �����	 ���� ���� �� * ������ �
 * ������� ��� ��� ��'(����������� ��� �:��������%
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�
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/� ��� ��� ��� �� ��� � ������� ���� ��� ��� ���� ����� ��	 �� ����� ������ ����� ��� �(����� ��'���(
������� 	  	�	$$*

�� ������-�. � ��� * ����� �
� * ����� �
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-A. 
 -#. H�� �� ? ��� 
� ? 
�� ���� ���� 
�� ��	 ����������� � ���� ��*

�-
�.
���
? � 
���
$�

�
? ��� 
���
��$�? ��  
��
�$$ ? ��  
��
�$$

-�. �� ���� '������ �� �A -���� �.� �# -���� 
.� ��	 �9 -���� ��� ��� 
� 
.%

-#. 
 -A. H�� � ? ���� 
 ? 
��� ���� ���� �� ��	 ����������� 
� ���� ��*

�-�.
���
? ��  ��
�$$ ? ��� ���
��$�? � ���
$�

��� ��� �� ����� �
���

��� ���� �� ���� � �������'�� 	�3������ �� �� ������ �� 	�3�� ��� ����� ����� ��� �� ����� �� ����� ����
��������� �� � ������ ����% ����� ����� ���� ��� �� '� :���� ������ = ����� ��� ���� ��� �����*


 � � �� �����-��� ��� � � � � ��� ��.


 � � �� �����-�� ����-��� ��> � � � > ��� ��.. ����� ���� �� ���� :����	 ���	

� � �� �����-�� ��� ��.

� � �� �����-�� ��� ��.

%%%

� � �� �����-�� ��� ��.

���� ���� ���� �� ������ ��� ������� ��� ����	��� �� ��� ���� �����> ��� �������� :����	 ��������� ������	�
����	������ ����� ����� ���	 �� :����	 ��	 ���� ���� �� ��'�����% I������ 
 � ���� �� �������	 '� �������
�� �����-� 
.% -)� ������� ���� �� ��� � �������� ��� �� ������ ����� ����� ��� ���� ����� ����� �� ���� �������
���� ����������� ���� ��� ��� ���������%.

��� �
������
� ��� �� ����� �
���

��� ����	��� �� ��� 3��� ���� ������� �� ����*

��� � * �� � � � � 
 �� ������-���.

����� �� ������ ����3�	% E����� 	������� 
 ? 
�� � � � � 
� �����'���� ��	 ��� � ? ���-
. ? 
�% ����� �
 *
������ ���-
. ? 
�  
�
$$ �� ���� '� ��� 	�3������ �� ���� �� 	  	�	$$� ��	 ��� 	����������� �� 
%

)�� ���� ������ ���� '� ����������� ��	 ������� ��� ����	��� �� ��� �����	 ����� '�� ���� ����������� ��:�����
���� �����������% +����� ������ ���� ��� ���� �� ����
� ��*

���� � � * � � � * -" � � � �� �. � -� * " � � � �� ���
	������. � ����

���� ����� �� ���	 �������� � ������	 �������� �� ��� ������ �� �������� ����
� �� ��� 3��� ����� ����������
����� ���� 	�3�� ��� �������� ���'�� ��	 ��� ���� �� ������� �� �������% +�� �������*

� ? ����
�-<�6� "� �"�. � ? ����
�-<�6� A� �@� "�.


�� � ������	 �������� ��� ��� ��������� ����� ��� ���� ����� �� �� ��	 �*

����
�-�� �� �. * -� * " � � � �� ���
	������. � ����

&����'�� ���� ��� ������� ���� �� �� ������	� ���� ��� ���� ������	 ��������� ����*

�� �����-�� ����-
�� ��� � � � � 
�� ��..

��
�� �����-�� 
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� �� /*� �" /*� � + � /*� �� /*� �"

��� ��� �����

.�� �$������� �� ����� ��� #��� ����� ��� ������� ���� ��� �$� �� � ����� ��� �3����� ��� ���� �� ��� 6(
��#�������� .��� ���� ��� ��!����� �� ���� ����� �� ���!���*

� ��� #��� �������� ����� �" + �

� ��� �� ������#��� ����� �" + �

��� ���&���0 �� �!�� �� ��� �����

.�� �$������� �������� ��� ����������� ��� �������� �� �&�3 �� � ����� ��� �3����� ��� ���� �� ���
6( ��#�������� .�� �&�3�� ��� ���� ��#��� &� � �89 ��� ������� ������ .�� ��!������ ������� ��� �����
�$������� �� � �����,$���� �� ��� ��!������ ������� ��� �&�3��� ����� �� ���!�� &� �����2��� ��� �89 �����
��� �!��$����� ��� �&�3���

� ��� ��1 !��� !�� �" + �

� ��� ��1 �!
����� �!
���� �" + �

��"  ��#���0 ����

.�� �$������� ��	������ ��� �����	������ ��� �������� ���� �� � ����� ��� �3����� ��� ���� �� ��� 6(
��#�������� .�� ��!������ ������� ��� ����� �$������� �� ���!��� �� ���!��

� ��� ��1 ��#������ ��#����� �" + �

��� $�&���&�������

.�� ��#������� �� ��� �$������������ �$������� ������� ������ ��� ��#�������� .�� ����� �$������ �� ��������
��C������ ����� �� �$� ��������������*

����� ���� ��� ��� ��� ��� ��� ��� ��" +
�# �� ���� ���� ��� ����������� ������� � "

�&�� ���� ��� ��� ��� ��� ��� ��� � "

.�� ����� �$������ ��
��� � ������&$��!� ��������*

�
 �� ������
 /*� �" + ������ 
" /*� ������ �"
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6$������������ &� � �������� �� � ������ ������������

�� � �� + �� �� + )��* ���� )��* ����

�� ��� �+' *+�" + *+�

���� �� /*� ����0�� ��#� ��" � ������ ��""
���� ���0�� ��#� ��" � ������ ��"

.���������� �� ��� �$������ �� ���!�� &� ��������� ��� #��� ���$���� �� � �$�&��� .�� � ���������
������&$��� �!�� /*�*

� �� � �� � � �� /*� �" + �� � �" /*� �� � �"

��2 %�&��� �����0

5��� ���$�� ��3���� ��� ������ &����� ������� 5� ���� ��� ��!������ �������

� �� * ������ ��1$��%�&�����$��%�&���� �" + �

��� ��� #��� ������ &$� ���!� ���� �������� &����� ��� ����� ��� �� ��� �� ������ �� �$�� ���� &���� ������
.� ��� ��� ���&��� ���?� �������� ��� ������ �� � ���$�� �
� �� 
� �"� �� ��� ������� ���������� �� ��!�


� + ���
� �� 
� �"
�� + ���
� �� 
� �"

� + ���
� �� 
� �"
�� + ���
� �� 
� �"

��� �� ��� ��!���� �� &$��� $�


�� + ���

�� ��� 
�� ��"

��� + ���

�� ��� 
�� ��"


�� + ���

�� ��� 
�� ��"

��� + ���

�� ��� 
�� ��"

��� �� ���� �� ���� ���� 
 + 
��� � + ���� 
 + 
��� � + ���� F������������ �� 
 ���$�� ���$������ �$� ���������


� + ��,* � 
" /*� ��-��� � �" /*� 
 /*� �

�� + 
 /*� ��,* � �" /*� ��-��� � 
" /*� �


� + 
 /*� � /*� ��,* � 
" /*� ��-��� � �"
�� + ��-��� � 
" /*� � /*� 
 /*� ��,* � �"

.�$�


�� + �� � 
�" /*� �
 � ��" /*� �' � 
�" /*� �+�+� � ��"
+ �� � ���,* � 
" /*� ��-��� � �" /*� 
 /*� �"" /*�

�
 � �
 /*� ��,* � �" /*� ��-��� � 
" /*� �"" /*�
�' � �
 /*� � /*� ��,* � 
" /*� ��-��� � �""" /*�
�+�+� � ���-��� � 
" /*� � /*� 
 /*� ��,* � �"""

G� $�� �� ���������!��� ��� ����$����!��� �� /*� ��� ������&$���� �� � �!�� /*�� �� ��� ��������
��� ���&���� ���� �$&���&���� ��!��!��� ���� ��� !����&��� ���� �� ����� ��� ���� �� ���!� &� ���� ��������
�� ��� �89 ���� �� ������� � &����


�� + �� � ��,* � 
" /*� � � 
 /*� ' � 
 /*� +�+� � ��-��� � 
""
/*�

�� � ��-��� � �" /*� � � ��,* � �" /*� ' � � /*� +�+� � �"
/*�

�� � 
 /*� � � ��-��� � 
" /*� ' � ��,* � 
" /*� +�+� � 
"
/*�

�� � � /*� � � � /*� ' � ��-��� � �" /*� +�+� � ��,* � �""
+ 
 /*� )��* /*� )��* /*� )��*
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.�� ����$������ �� ��� -�� �����$�� �� ������ ������3� �� �� ������ ��� ���!��� ���������� �� �� �� �����
�� ���� ������������ �����#���� �3��� ���- ��$�� &� ��,$����� ����� ��������� �� � ����������� ������������
�� ���� ���-� H�� 4$�� �$������� ���� �� ����� �$Æ�� ������ �� ����� ��� -�� �����$�� �� �� ��&������
���� �� -���� �� ����� ����� ��� ��$�� ����$������ ����$��� ��� -�� ��� ��$��� �� �$Æ��� �� ���� ���� ���
-�� �����$�� �� �� ��&������ -�� ���� �� ������ 

� 5��� ���� ����� ��� #��� ����������� ����� ��� �� ����
������������

.� ���!� ���� ���� ������ ��� ������ � ������ �� ���&���� �!��$������ E���� �� ���!�� �� ��!������ ��
��� -�� �3������� ��$�����

� �� ��

D � � � � � AA
�

		� ������ �� < 
" �	 ** �" + ������ � �

.��� ����� �������� �� � ������� �������� ��� #��� ��� ���� ����� �� ��� -�� �3������� ��$�����

� �
 � 
 ��
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������ AA �	��/	�	/	��/	��/	��/	��/	��/	��/	��/	��/	��/	�	/	��/
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/ �/ 
/ ��

E��� ���� �� ,$��-�� ��� ���� ��� ������ �� ��� ���� ���$���� &� 
� �������� �� 

�

� ���� � 		�	�	�	�	�	�	�	�			��	���
�5 5������� ��� + �	�/	�/	�/	�/	�/	�/	�/	�/		/	��/	���

.��� ������� ��� &� ����������� $��� �� &$��� � �������������� �� ��� -�� �����$�� �$���&�� ��� ���&����
�3��$�����

��6 %����������

.�� ��������� �� ����������� ��

���� �������
� �

��� ����	��� � ���	���" + ���%���� ���

��

���	�������	��� �������
�" + �������
�

.�� ��#������ �� �������� �� ������ �� ������2������� ��!��� ����� �� ��-��� � ���� ��������� �� ���
#��� �������� �� ��� ��#������� ��� -�� �����$�� ��� ��� ��!���� ��� &$��� ���� ��� -��� ��� ���� ��� ���� ��
�$������� ����	��� � ���	���" �� ���$����� .�� ���������� �$������ ������ ��� ���$� ���� ��� ������ ��-�� ��
������� �����&���� ���� ���� ��� #��� -��� ��� ���� ��-�� 
; ��$��� �� �$����� �����&���� &����� ������������
��� #��� ����� �� ��� �$��$�� .�� ����� ����� ���� ��� ���������� �$������ &�������� ��!����� ����� ������

���%���� ��� +
��� ����� + �5 5������� ��� ��

��� ������ + ��7�� � �����

��

��#��� ����� Æ����� @ ��8 ����� "
Æ ��������9�� �-' �����" Æ �� �����"�

�#��� ����� Æ ��1����� @ ��8 ������ "
Æ��������9�� �-' ������ " Æ �� �����""
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.�� ����� �� ����������� ������ &� �3������� ��� ��#������ �� ��������� .��� ��� ����� �� ��� ������ ��
-�� �����$��� �� $��� �� ������� ��� !����&��� ������������ ��� -�� �����$�� ��� ��� ��!���� &� �������������
����� �� ���!�� !����&���� >�� ��� 
; ��$��� �� ���������� ��� ��� 
; ��$��� �� ���������� ��� $���$���
��!��� � ����� ����$��� .�� ����� #������ &� ��������� ���� ��� ��!������ �������

��( �� �&�������1� ���������

%����� ��� 	�
��� ������� �� ���������!� �������������� �� ��� ��!���� ��$�� ����$������*
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.�� ���������!� ��C��� ���� ��� �������� �� ���� ��� ����� �� �����	����� ��� ����������� ��� ��������
�� ��� ��� ����� �� ����������� ��� ����	��� �
���

�������� ���� � -�� �����$�� �� �� �,$�!����� �� !"�������� ���� ����	��� �
� ������ �!�� ��

��3���� ��� ��� #��� ��� ���� ��������"� .�� ������� ��������� �!�� ��� -�� �����$�� �� ������ ��1$���#�*

��1$�� ��� + ���
��1$�� �	 ** �" + ��1$��%�&���� 	 ** ��1$�� �

��1$���#� �	 ** �" + 	 ** ��1$�� �

�� ��� ���������!� !������ �� ���%����� ��� ������� ����$������ �� $��������� ��� ���� ��� ��!����
��$��� ��� ����� -�� �����$�� ��� �������*

���%�����&� ��� +
��� ����� + �5 5������� ��� ��

��� ������ + ��1$���#� ���7�� � �����"
��

��#��� ����� Æ����� @ ��8 ����� "
Æ��������9�� �-' ����� " Æ �� �����"�

�#��� ����� Æ�:��1����� @ ��8 ������ "
Æ��������9�� �-' ������ " Æ �� �����""

5��� ��� ������

� ��� ��1 ��#����� ���1 �!
���� �" + ��1 �!
���� ���1 ��#����� �"
� �� �� ��1$��%�&���� ���������9�� � �"

+
��������9�� ���1$��%�&���� �" ���1$��%�&���� �"

�� �� ���� �� ���!�

� ���%�����&� + ���%�����

 !������	���

.�� !���#������ �� 	�
����� ��� ������!��� ����� ����� �� ����� )�� ������ �� ��� ���&��� ��� ��������I&�
����� ��� �����I����� ��#������� ��� �� �3��������� ���&���� �!��$������� (����� �&�$� ��� ���������� ��
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��� -�� �����$�� ��� ��� ��3��� �� ���$��� ���� ��� ���� �3������ ��� ��,$���� ��� ��
����� �� ��� �C����
���&���� �3��$���� ������� ��� �!������� �� ��� ������������ �&������ ����&��� 	�
������ ���� �������� ��
� �$�������� �������� �� ���� ,$��� ������� ��� ��$�� &� ��$��� �� $��������$���� ���� ������ ��Æ�$���� .�$��
�� ��� &� $���$� �� � ����������� �3����� �� !���#������ �����������

.���� ��� ��!���� ����������� �!��$�� �� �3�����*

; 5� ���������� ���� ������ ��� ��� ����� -�� ������� ���� &� ����������������
; .�� ���� �� ��!� ���!�� ������� �������� ��� �������� ���� � ������ &���-� �� ������ ����� �� ���	��

���� ������� !����$� ���� �� ������� ��&������ ������� �� ����� �3������� �$� ���- �� ����� ���$�� &�
����������������

; 5� ��$�� ��-� �� ��!�������� ��� ���������� �� ��������� ����� ���� ������� �������� ���� ��� 4)( ��� 
�$������� .���� ��� ������� &��� �$�� ���- �� �$����� 	�
����� ���� ��������� &$� ��� ���!����� �� �
���� ���� ������ ����� ����� �� �������� ����� ����������

; E������� ���������� �� ��� �� � ������ �� ������� ���������� ����������2�� &� ����	�������� / ��� �3������
�����������J������������� ��� ��������J��������� �� ��$�� &� ����������� �� ��� �� ������������� ���
&� ��$�� �� ��� ����������� ������ �� ����� �����������
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������ 
��
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�	 ���� ����� �� �����	� �	 �	����� �������	�����	 �� � �������������	������� �������� �	� ������� ��
��� �������� ��� � �!�� �������	�����	 �� �!�� �	 �	�������� ��� �� � ��"��� ����� ������� ���#�	" �$����
����"	�� ��� �	�������#� !�� ��������$ �	 ������ ������� ��#������	�� %����$ ��#������	�� �	 ���� �	��$����
����#��� ��#� ���� �� � !���!� ���� ��� ���
 �	 �!������	" ����!��� ������������ �������	�� �!� ��� 	���
��� ������� ���#�	" ����	���"$ �	 ���� ���� ��	�� ������ ���� �� � ����
 ��& ������� ���#�	" �$���� ���	 �	
�	�������#� �����$ ��#������	� ��������� �	 �������	� �	�������������$ ���� #����!� ����� �$����� �� �������	�
�	 ���� ����������	 �����	� %�� ������� �������� �!� �� � !���!� ���
�� �	� �	��"�����	 ���������!�� ���
�!�� �$����� �	� �� �!�� �� �	 ��#��!� �������� �	�� ����� �� ��	
 ��� ��� �$����� �	� �	 ������!��� ���
���� �	��$��� ������������ �� '���������	(� ��#������	� �)� * �

�� ��"�	 ���� ���� ���
"��!	� �	��������	 �	 ������� �	 ��� 	�&� ������	 �	� ���	 ������� ����
���
"��!	� �	 ��� �	� ��� +��� �	��$��� ,�����$� -�&� �� �����	� ���� �� ��� �������� �� �!		�	" ����
����"	�� �� �� �	 �	�������#� �����$ ��#������	� �$����� �� � ����
 ��& ���#�� �	 ������	 .� �	 ������	� / �	�
0 �� 1��� �����	� ��� �������� ������� �	� ���	 ��� ������$�� �������	�����	� �� 1	��� �$ ��	������	"
��� ����1�����	� �� ���� ���
 �	� �!�!�� ��������	� ��� �!�� � ��#������	� �	 ������	 2�
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%�� ������� �������� �!� ��� ���	 ��#������� ��������$ �� ��� 3	�#�����$ ��� ������	���� �� ��� �� �	
�	���������$ ������	 #����!� ������ �� �������� ����� ������� �$������ ����!�����	� �� ���� ����� %��
���"�	�� ��� ��� �� ����� ������� ���#��� �%� �	� ����!��� ��"���� �$����� �4�� �� �	������� ���#��!��$�
� 	!���� �� �����	"� �� �!�� �$����� ��� ���	 ��		����� �!� ���� 	����������� ���
�	" �!� ��� �&��� �������
�� �&���	�� ����!	������	 ��� ���� �$���� �	 �!�	� %�� ��#�	��"� �� � �$���� ��
� ��� ������� ��������
�!� �� ���� �	$ �$���� ��		����� �� �� ��	 �� ��		����� �� �	$ ����� �$���� �����!� ����$�	" ���!�
�������	" �$���� ��#�� ������� �� ����� ����!	������	� �	 ������!���� �	$ �$���� ����� ��� � �����"���������
�����	����	� �	������� ��	 �� �����$ �����$ ��		����� �� ��������

%�� ������� �� ��		����	" �$����� ��"����� ��5!���� ���� ���	 �����$ ��� �������	" �$���� ��#�� ��
��		�����	�� �� ��!���� �������� ����� �!�� ����� �� ��������� ��� ���� �$���� �	��!��6
� ���� ���' ��� �������	� �� ��	 �� ����� /�����	
�� 1$�2#/�#3444#44543 
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 ��	"!�"� :!��	" ��� ��;��� �������	�����	6 ��� �<= > ������ ������� �� ���#��� � �����
�������� �	 ����� ����� �������� ��$ �� ��������� ����� �� ��� ���� ���� ���#���	" � �!��$ ���	�����	�
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%�� ������������	 �� ���� �	��$��� �	� ������� ��	��	!�!� ����������� ������� �� �!���	��$ �	 ���� �� "����
�	������� ���� �� ��� ��7�� ��"��� ����� ��"�� �$����� �!���	��$ �#������� ��#� �	� �� ���� �8���� !	�����$
�� ��#���� � ������������	 �� ���� 	!������ ���	���	��	��� �!	����	�� �� �������� %��� ��#������	� �����
���� � 	!���� �� ��8���	� ����������	 ������ �	��!��	"6

� ������ ������� !��� �� �!����� ��� ��#������	� �� ��� ���Æ� ��	���� �$������ %��� ��5!���� � ��������
�����	 �� "�������� ������� �� ��� ?�"��� ����� ��5!���� ���"�	������� �!	����	� �� ���� �� ��� ������$ ��
!	����$�	" ��	�����6 �@ � %�� ��#������	� �	 ��� �� � +��� �	��$��� ,�����$ ��� ���	 !���!� �	 �!��
���
�

� ������ ����� ���� � �������� �������	�����	 �� ��� �AAA ?����	" ���	� ��������	� ��5!��� �	 !	����$�	"
��	���� �� ��� ��������	� �#�� ��� ����� �� �� �����	� �� ����� ������ ����� ���� ��� ��!	��	" ��������	
�� 	�� �	����!��	" ������6 �<B � %��� ��� �� ��� ��#������	� �� � +��� �	��$��� ,�����$ �	 C9,�,�"���
�!�� �� ����� ��� ���	 ������ �� C9,�*)�

D�#������	� �� �������� �� ���� �	��$���� ������& �	��$��� �	� ������� ������ ��� �#������� �� !	��� �!���	�
��#������	� �	 ��� �/� ) � C9, :C9,�,�"�� �	� *)> �<B � �������� :��������E-��> �0 � �4,= :���!���$ �
#����	� ������ �4,=:�>> �2 �	� 4�5�
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%�� ������!��� ���
 �� ��� �	�������� �	 ���� �� ��� ��#������	� �� � +��� �	��$��� ,�����$ ��� ����
%�� �	����� ���
 �	 ���� ������$ ��� ��	� �$ D!������ �/ � ��� ������$ �	��!��� � ���� �$�� �� ���� ��
�	 �&��������� �!���$�� �� ������� D!������ ��#������ #����!� ����� �� �����$ �������� ���� �	��$���� %���
��#������	� ������� ���� � �����$ �� ��5!�	��� �� ����� :��� ��� ���$������� ��5!�	��� �� ���� �� ��� ����
�$����>� ��#������ �&������ ��	#��"�	�� �������� ��� ��5!�	��� �	� ���	 �!	����	� �	 ��� ������ �	� 1	���$
��1	�� �������� 	����	� �� ��	��	!��$ �	� ��8���	������	� ���� ���� ���	"�� �� ��
� ��	����� �!�� ��
��	��	!��$ �	� ��8���	������	 ���� !���!� ��� ��	����� �!	����	�� '���������	 �) �&��	��� ���� ������$ ����
�!����� ���
 �	 ���� �!	����	�� �	��!��	" ��� ��1	����	 �� �	1	��� ��5!�	��� �	� ����� ������� %�� ��1	����	
�� ����� ������ ������� �	 �	��$��� ��1	����	 �� � 	!���� �� ��� ���	���	��	��� �!	����	�� �	��!��	" �	� �&��
��	� ��� �	 ��	� %�� ���������� �� ����� �!	����	� ���� ��#������ �� � ����� ���� ���� �� ��� ���	� �����
���$ ���� �!Æ���	��$ ������������� ���� �!����� ������ ��	 "�	�����$ �� ���#�� �����!� ������	�� �� ���
!	����$�	" ����� ������� %�� ��1	����	 �� �	$ 	�� ���	���	��	��� �!	����	 ��!�� ��5!��� � ����� ������ ��$��
�� ��1	����	� ����#��� �	� � ������� ���
"��!	� �� ���������� ��!�� 	��� �� �� ����� ��� ��� 	�� �!	����	
�� �� !���!��
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%�� ��� +��� �	��$��� ,�����$ ��� ��������$ ��#������ �� �!����� �������� �	 �����#�	" ��� ������������ ��
4���!��� ��"���� �$����� �4�� �!�� �� ����� �	� ������������ �� �!��� ��� ��� ��� �� ��!��� � 4��
�	� ��� ��"����� �� ����!�� � ����	"�� :���� ������� �� ����!��	" ������� �	����� �	 ���� ����!����	���>�
%�� ���"�	�� ���7��� ���
�� ��������$ �� ��� ��	��	�� �� ��� ����!�����	�� ����������� ���	" ��	�������
�$ ���� �$���� ������ ���	 �� ��������� ����!��� ��� ��!���	" �!�� �$���� ��"������ %�� !�����$ �� ��� �	
����� ����!����	��� ��� �� � ����
 ��& ����� ��!�� ��	��� ��"���� ���� ��	�����	� �	 #����!� ����!�����	��
�	 ������!��� ��� �	������$ �� 4�� �� ���� �����1������$ �� !	����1������$ �� ���� �� ��	�����	�� �	 �����#��!��
���������� ���� �5!������� �	� �	�5!������� �	#��#�	" ���	���	��	��� �!	����	�� ��!��� "���� �������� �	 ���
���� �� ��1	��� �	��"�����	 :���	"�� ��	$ ������>� �	 �������	� ��� ���� ������� ���� �� ��1	��� �	��"�����	
����� �� � 	��� ��� � "��� ��	��	!��$ ����
�� ��� ���������� ���� �!	����	�� �	����� ���� �	 ����� 4�� ���
������!����$ ���
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%�� �!������� ���#�	" ����!��� �� ��� ���� ���"�	���$ ����"	�� �� ������� F��!��	�G ���
� �!��	" �	����
����#� ���#�	"� %�� ����� �� ����� F��!��	�G ���
� ��� "���!���$ �	������� �� ��� ���	� ����� ����� �!�������
��!��	�� ��	 	�� ��	��� �����$ ����������� �������� �����!� �	$ !��� �	���#�	���	� ���( �!������� �����
������!��� �!��� !� �	 � ��������$ �� �������	"� "��!	� ���� �#��!����	 �	� ��1	����	�� !	�����	"� %�� ����
��#�� "�	���� �!������� ������!�� ����� �� ��� �	�������� �	 �� ������ %��� ������"$ ��� � ���"� 	!���� ��
�����	�� ��"!��	�� ����� ��	���� ��� ��������	 �� ��� !	����$�	" ������!��� �� "!��� ��� ����� ������� �����
��� ��� � ������"$ ��	"!�"� �	 ����� ����������� ������"��� ��$ �� ��#������� �� �� ����	 ���� !���!� ��
!�� ���� ��	"!�"� �� ��1	� � ���������!����� ������"$ ����� �����$ ����� "��	� ���� ����������� ��"!��	���
%�� ��	��	!��$ ����
�� ��#������ �$ '���������	 �* !��� ���� ������� �	#����"����	� ��	��	!� �	�� ��� ����
��������� �����	"� ��� "��	� �� ���� ���� �����1������$ ���������

+���	� ���
 �� ��� -��� ,�	"��$ +������� 4�	��� �	� �4��A ��� ��� �� ���� �	�������	" ��#������	��
�	 ������� �!����� ����� ��� �!������� ����� �� ����!��� �	#��#�	" ���� 	!������ ��� �. ��� ��������

� ����	�� ��� �� � ����
 �� 

�� ��	���	�� ���#�� ��� ��� ����"	�� #��$ �!�� �� �	 �	�������#� �$����� %�� ��#������� �� ��� �$�����
��� ��� ���� �������#�� �	� �� ��� ������$ !��� "��!��� !�� ��� �$���� �	 ���� ��$� 9	�$ � ��� ����� ���7����
��#� ����� �� !�� ��� �� � ���
 �	� �$���� ���� � ��8���	� �	������� �	� �� �!��� ��� �	��"�����	 �� ���
�� �	 �!������� �$���� �#������� #�� ������� ����!��� ���� �	�������	" �������	�����	� ��������� %���
������	 ���� ���
 �� ��� ���!��!�� �� ��� �	� �&����	 ����� ��� ������� �	������� ���!�� ��� �	 ��� �$�����

 �� ��� ����!���� �� ��� ��� ������

%�� ���	 !��� �	������� ��� ��� �� ������	 �	 A���� :���� ���������� ���� HA����>� %�� ���� �	"�	� ��
������	 �	 ����"�� 4����	 ,��� �	� �������!��� �� � �!	����� ������$ �	�$� %�� ��� ��#������	� ����
��� ��	������	" �����	� ��� �������	" ��� ��!��� ���� �� ��� ���� �	"�	�� �!� �� ��� 	�� �#������� �� ��� ����
���� ���7��� ��� !	�����
�	� �����!"� 9��� �� �+� ��� ���	 ������!����$ �����!� �	 ���	���$�	" ��� ���
�
������	 ��� ���� �	"�	� �	� ��� A���� �	�������� 9	 1��� �#��!����	� ��� �$���� �� �������#��$ ������� �	�
��$ �� ��	������� �� ����	 �	 1"!�� <�

,��
�	" ������$ �� ��� �������� ����#��� �� ��� ���� ����� �� 	�� �!�� � ����	" ��#��� ������	 ��� ��������	�
�� ��� A���� ,��� �	������� �	� ��� ����"�� 4, ����� %�� ����"�� 4, 4��� ������ �	��������	 �������$ ��
��������$ 1���� ��� �	���	��� ����� ��� A���� ,��� �	������� ���	 ������ �� ��� �����	�	� �����"� �������	�
�����"� �����	" �� ���� 	�� 5!��� �� ������ �� �� ��!�� ����6 ��� ����"�� 4, 4��� ���	�� �!� ���"� ���!	��
�� ��&� ��������� �$ �����"� ���
��� �!�� ��

�	
����
 �����	
����


����� ��� ������ �$ ��� A���� ,��� �	������� �	� ������$�� :�� 	��> �	 ��� ������� ��		�� :#�� ��� �	��������	
��	���� #�� ��� �����"� ��� �� ������	 �� A���� �!8���>� �	 �������	� �� ���� �� �	�!� ���� ��� !���� ���
A���� ,��� �	������� ��	����� ��� ����	" ���� ��� ���� �	"�	� �$ ��	��	" ����������� ��"	��� �� ��� ��� ����
�	"�	� 
	�� ���� �� �� ����$ �� ������� ��� 	�&� ���� �� ��� �!��!�� %�� ����"�� 4, 4��� ����� ��� �����
�����"�� ������ �� �������� ���� ��� ����� ��������
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� �� � 2���	 %�	� �� ��	 $%� ����	


 �� "��
�
 �� ��� ���#$%&

%�� �#�	�!�� ��� �� ��� ��� ������� ���#��� �� ���� �� �� ���� �� �8�� �	 �	�������#� ����� ������	� %���
��!�� �������� �����$ ��� ������$ �� ������� �	�������#� ������ �	� �� ����� ��� ����!��� ����� ������� %��
�����$ ��	�"���	� �������� �!�� �� ����	" 	�� �������� �� � ������$� ��� 	�� �&������ �� �� �!������� �	
���� ��		��� ��� ��� ����	�� �	� �� � 1��� ����� ����#��� �� ����� �� ������	" ��� ������� ���#�� �� ��	�
� ������� �	 ��� �$	��& �� � ��� ���� �	"�	� �!		�	" �� � ���	�����	� �������� �	� �� �	������� ��� ���!���
�� �!����� �� ����!��� %��� �	����� ���7��� ���� �� ��#���� �	 !	������	��	" �� ��� ���!�� �	� �� ���	���$ ���
������� �� ��� ���� ��� �!������ ��� �!�� �	 �	�������� �	� ����� ����� ��5!��� ��#����	 �� �	�!�� � ���!��
�$�����

'�#�	 ���� ���� ��� ��#������	� �	� !��"� �� �&������ �� ��	��	!� #�� ��� "��� �	�������#� �	�������
������$ �#�������� ��� ������$ �� ���
 �� �	 �&���	�� ���#�� �!�� �� ������� �� ���	 �� � ���� "��� �� ��� ���	
��#������	�� �!� �	� ����� ���!�� 	�� �	������� ���� ��� ������$ ��#������	� ����� %�!� �� �����	� �
����"	 ���� ����� ��!�� ����� �!� ���� �� �	 �!������� �� �	�������#� ����� ������	 �� �� ��	� �� ���� �	�
��� ���!���	" ����� ������ �� �� �	���������� %��	 �� ���� �����	� ��� ������� �� ��� ����� ��� ����#�	� ��
���� ����"	� �	� 1	���$ �����	� ��� �&����	" ����� �� �!� �	�������� ����� �����#�� ��� ����� ��� �� ������	"
�!������� ����� �������� �	 ��� ���� ��� #��$ ������� ���!�� �� ����
�	" ��� �!����� �� ����!��� %�� ����"	
�����	��� ���� �� �� ���
 ���� ��� ��� �$���� �	 ��� �!���	� ����� ��� ������	 2 ��� � ����!����	 �� ���	"��
�� ��� ���� �	"�	� ����� ��!�� ����� � ����	�� ������� �	������� �����!� ��"����	" ���� ��� �&����	"
�	��������

 �� '(
��

� ��� ������

��"!�� = ����� � ���� �������� ����
���	 �� ��� �����	� �� ��� ��� ����"�� 4, 4��� �	� ��� A���� ,���
�	�������

%�� �	������� ����� 1��� ���� ��� �����	�	� 1�� ������ ����� ���#��� ��������	�� ������ ������	� ��� �����$
��#������	�� ����� ������� �	� ����� �!����� �����	����� �� ���� ��	����� �	��������	 ?��� �	�� ��� A����
�!8��� ����� ���� ��� ��� �!��!� �� ��� 4��� A	"�	�� ��� �	�������#� ������	 ���� ��� !��� �	� �����$E�����
1��� �!���	��$ !	��� ��#������	�� %�� 4��� A	"�	� �!��!�� �����"�� �� ��� �	������� :�	��������� #�� ���
��� �!��!� �!8��>� �	� ���� ������ ����� ������� �������$ �� ��� ��������$ 1�� ������ ���� �������	��$ ��
���� ��� �	������� ��	�� �����	�� �������$ �� ��� 4��� A	"�	�� %���� �����	�� �	��!�� ������!� ��!��	���
��� �����	" �� �����$ 1��� �	� ���������� �	� ����� �����	���
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 ���

I����� �� ��	����� �!� �������� �	� �	����� �������	��� �	�������� �� ��� �	 �������� �� �!�� �����	�
�	 !	!�!�� ������ �� ���� ����� ���� �	���� �!� ����!����	 ������ ��� �� 	�� �������$ �	 ,4����$�� �$�����
������ ��� 	�� 	���������$ ����!��� �$ � ��5!�	�� �� ������ ��"���� ��������	�� �	������ � 	!���� �� ��� ���
������"��� ��� ������	 �� �������� ���"���� ����� ��� ��	
�� �	 �� ��� �$����� %��� ��� � ����"	 �������	
�� �	��	�� ��� !�������$ �� ��� �$ ������	" !� ��� ����� ������� �� ������!��� ���#��$ !��� ������"���
�!�� �� ������ ��	�� ��� ���� 	�� ����!�� ����� ��7���� �� �!��� �!� �	�$ ����� �������� ���� ���� 	��
���� �� �������� "�	�����$� �	 ����� �� ����� "������ ���!��	��� ����#��� ��� ��� � �������$ ������$ �����
�&���	�� ����� ������!��� ��	 �� ������ �� ���	�����	� ������"��� �	������ %���� ���	�����	� #�����	� �&��	�
�� �	��#��!�� ��"���� ��������	�� �	� �� �� �&������ ���� ��� �����	� �� ��� ���	�����	� �	� ���5!� #�����	�
�� ��� ������"��� ���� ��#� ��� ���� �8���� "�#�	 ��� ���� �	�!��� %�� ���	
�	" ����	� ���� �� ���� �����
��������	" ���� � ��#������	� ��� !��� �� �	�������� �	 5!��
 ���!��� ���� ��� �������	 ������!���� 9	��
� ��#������	� ��� ���	 ��������� ��� !��� ��$ ���	 "��	 �&��� ��	1��	�� :�� �	��"�� �	�� ��� ���!���	"
������> �$ ������#�	" ��� �������� �� �&��	� ��� ����� ������!���� %��� ���� ������ �������	� ���	 ��
��	����� ��� �!��!� �� � ���� �� ��� ���� �	 �&���	�� �$����� ����� ��$ �� ��$ 	�� ��5!��� � ����� ��7���
�� ���� �� �	 �	�������	 �� �!����� �� ����!���

! ���"���� ���#���

%� ����!�� � �������� ������� ���#��� ��� ��� �� ���� �� ������� ��� �	������� ��"��	� ���� � 	�� �������$�
%��� 	�� ������� 	��� 	�� �!������� ��� �	���� �!	����	����$ �� ��� �&����	" �	�������� ��� �	���	��� ��
	��� 	�� ����� �� �����	�	� ��� 1���� -�� �� ����� �	$ ��5!�����	� �� ����� �	��������	 �� A���� �!8����
C���#��� �� ���� 	��� �� ���� ���� ��� �����	�	� 1��� �� ��� ��� �	���������	� �	� ���� ��� ��������$ 1���
������	 �$ ��� 4��� A	"�	�� %�� ������� ���� 	���� �� ����!	����� �������$ ���� ��� 4��� A	"�	��



593 ���
� 	� �� 

)�� ��� �������
! ��� ����� ����
!�

�� ��	���	�� ���#�� �� ��� 	�� ����	" �� ���#��� � ���������	� ��� ��� �&����	" A���� �	�������� �	�����
�� ��� �� ���#��� � ��� ���#�� ����� ���� ����� ������ �� �� ��������� ������ �!����������$ �� �	�������#��$
�#�� � ������ ��		�����	� ������ ������	�$ #�� �	����� ���"���� ����� �!�� �� ��� A���� �	������� �����
���� ��#�����	" �������� �	� ���������	" ������ ���� ����� ����!��� ����� �� ��� 	�� ��	���	�� ���� �!��
���!��� C���#��� ����� �� �	� ���!� ��"����	" �������� ���� �� �!�� �������6 ��� ��	��&� �	 ����� � ����!��
�� �� ���#�� �� #����� �� �� !	��
��$ ���� ��	$ !���� ���� ���� �� !�� �����$ ��� ���� ��� ��"�� �	� �	�����
��#������	�� :��� F����!��G ��������> �	�$� �� �� ���� ��
��$ ���� � ������!��� �����$ ��	��&� ���� �� ��5!�����
�!�� �� ��� ���� �	��$��� ������$� ��� ��	��&� �8���� �$ ��� �!���	� #�����	 �� ��� ��������

��	�� ����� �� � �!����	���� �������" �	 �����	" ���"� �������� �!�� �� ��� +��� �	��$��� ,�����$� �� ��
�&������ ���� ���� ���#��� �8���� �#�� ������� ���� ���!���$ �� �	 ���"� ���� ��� ����������� �����$ ����
������� %�!�� �	����� �� �����$ ��
�	" ��� � ��� ���#���� ��� ����	� ���"��� ��!�� ��#� �� ������$ ���J����
����� ��� ��"�� �� ��	
�� %� �	�!�� �Æ���	� ����!	������	� ��� ����� �	������� ���!�� ���� �	������ ���
�$�� �� �	��������	 �&������ �� � ���!�	� %���� ��!�� �� 	� ���	� �	 ���!�	�	" � ����� �� � ����!��� ��"����
�$���� ��� �	���	��� ������� K��"� ��5!���� ���#�� ���#���� �� ���!�	 �	 ����������� ����� ��7���� �� ��	
�������$ ��� ����� �� ��������	 ��5!���� �� ��� �	������� �� ����	 �	 ����� < ������

;�	�� ���	 �	�����	�

$���	 $������	� 2� :�)	�� ���	<��'����
$���	 $������	=2	
����	� 2� :�)	�� ���	<��'����<>���	

$���	 $������	� :�)	�� ���	<��'����=$����
$���	 $������	=2	
����	� :�)	�� ���	<��'����<>���	=$����


���� �� ���	� �� $%� ?��	�������

�� ��	���	�� ���#�� ��� ����� ����� ��5!��� ��� ���!�	 �� � ����� ��7��� :�	 ��� ���� �� ��� �	 �&��	���
����� ������ �� ��� ���� ���� �� �#�������> ���� ��5!��� � ���"���$ ��8���	� ���� �� ��� ������"$ �����	� ������
�� ��� ��� ���� �	"�	�� %�!� ��� �����	� �	 � ����	� ����� ������ � ��	7���!�� ��� ����� �� ��� ���!��
��#� 1#� ��"!��	��6

<� ��� ��	7���!�� :� ����!�� �	 ��� �$	��& �� �	����� �$	��& ����� ��� ������� ��	 ��	#��� �	�� ���
�$	��&>L
-� ����!�� #��!�L

=� � ?�" �	������	" ������� �	 ������� �� ���#� ��� ����!�� %�!� �� ��5!���� �� �	 ������� �� ���#� ���
����!�� ��!� �� �����6 ��� ���� 	�� ���!�	 F�����G� �� �����$ ���!�	� %�!� �� ����� �� �������� � �����L
D���!�� #��!�6 %�!� 9	�$L
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Abstract. DOVE is a Isabelle-based, graphical tool for the trusted design and analysis of state machine
designs. Work is currently underway aimed at increasing the scope of DOVE to include complex,
dynamic and real-time processes. This paper describes a refinement approach to the design and analysis
of complex processes, including a formal development of the approach in Isabelle. It is argued that the
addition of a network feedback operator and associated refinement rules makes the refinement calculus
of Back a powerful development tool for process networks, allowing essentially arbitrary decomposition
of network properties over subcomponents. The feedback operator is shown to be ‘compositional’ with
respect to an implementation language of digital input/output processes with local state. Some simple
examples are considered.

1 Introduction

The effective and economical development of complex, dynamic and real-time systems is a matter of con-
siderable interest to the Australian Defence engineering community and to the engineering community in
general. This is especially so where the systems under development serve critical functions and require the
highest levels of trust and assurance when fielded into service. Many existing regulatory authorities demand
the highest levels of mathematical rigor in the analysis of security-critical and safety-critical systems, levels
of rigor which present a considerable challenge to the current state-of-the-art in the mathematical analysis
of complex systems. The DOVE design and analysis environment aims to offer developers a powerful and
usable tool for supporting the development and presentation of assurance cases for critical systems.

The current version of the DOVE tool [7] comprises a sophisticated state-machine reasoning tool devel-
oped in the Isabelle/HOL environment [25] and a graphical user environment which supports and encourages
a highly visual approach to the design and analysis of state-machine based systems. Although the use of a
general theorem proving approach to treating the properties of state-machines allows the treatment of larger
state-spaces than the competing technology of model-checking, the state-machine formalism still does not
scale well to large systems with complex interacting components. Nor does it allow, or even offer the prospect
of, the treatment of real-time or physical process components. The effective treament of such components
requires the adoption of an analog process model, or at least the inclusion of analog aspects in a discrete
model such as adopted in so-called hybrid-systems approaches.

A common approach to the problem of composing interacting systems is the dataflow network. It enjoys
widespread recognition and has been adopted in many existing informal development approaches. Dataflow
networks also admit a natural and highly intuitive visual representation as directed graphs in which the
nodes represent system components and the edges represent informational or even physical flows. Finally,
dataflow networks readily allow the treatment of analog components, it is only necessary to make use of
continuous functions to model some or all of the dataflows involved.

The work presented in this paper considers the use of dataflow networks to provide a formal basis for the
design and tractable analysis of networks of interacting processes, both digital and analog.

1.1 Compositional development

The separation of formal specifications into assumptions about the environment of a process and commit-
ments made by the process has a venerable formal methods pedigree [11], stretching back through Hoare’s
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axioms [10] to the germination of the idea in work by Floyd [9] and even Turing [29]. By supporting the
meaningful specification of open systems, the assumption/commitment approach has become the cornerstone
of many compositional approaches to treating complex systems.

The adoption of what we term the assumption/commitment paradigm in the development of process
networks may be traced to Misra and Chandy [20], who used assumption/commitment specifications on
system traces to develop a compositional method for the verification of safety properties in networks of
CSP-like processes. Subsequently, many other authors have used similar approaches to develop methods
for the verification of various subclasses of process properties. Some such approaches are due to Pandya
and Joseph [26]; Abadi and Lamport [1]; Stølen, Dederichs, and Weber [27]; and Stølen [28]. In every case
however, the methods offer complex verification conditions and (with the exception of that of Stølen) allow
the treatment of at best a restricted class of process properties. Furthermore, they rely for their effectiveness
on specialised (and somewhat baroque) process models with narrow areas of application. The primary reason
for such complexity and restrictions lies in the difficulty of defining a general, compositional model of network
construction.

One difficulty in modeling network construction has been the common approach of defining a parallel
hookup operator which includes both parallelism and feedback capabilities. The complexity of such all-
purpose operators tends to overwhelm the search for tractable approaches to reasoning. As observed by
Katis et al [12], it is preferable (at least in the abstract) to define separate parallel and feedback hookup
operators. Another difficulty has come from the tendency to treat feedback in terms of recursive function
theory. A more promising approach has been suggested by Katis et al [12]. They describe a relational feedback
operator based directly on a naive notion of fixed points. As demonstrated in the remainder of this paper,
making use of a separate feedback operator based directly on this naive notion of fixed points greatly improves
the tractability of reasoning about networks of processes.

1.2 Refinement

A separate development of the assumption/commitment paradigm has seen the utilisation of predicate trans-
former semantics in support of compositional development methods for sequential programs. Weakest pre-
condition program semantics were first suggested by Dijkstra [8] and have been blended successfully with
the assumption/commitment paradigm independently by Back [4], Morgan [21], Morris [23], and Nelson [24].
These formalisms have much in common and are referred to collectively as the refinement calculus.

The refinement calculus is a broad-spectrum, specification/programming language together with a col-
lection of refinement rules that support top-down design. High level specifications are refined to mixtures
of specification and program code and finally into pure program code. The pure code subset of the refine-
ment calculus is called the implementation language and will vary with the problem to which the refinement
calculus is being applied. For example, Morgan’s program refinement calculus adopts Dijkstra’s guarded
commands as its implementation language.

The refinement calculus approach has been used successfully in several case studies in the specification
and design of real-time and reactive processes [13, 15, 17, 18]. The purpose of this paper is to formally define
an extension of Back’s predicate-transformer model so as to allow its use in the treatment of interacting
processes. By formally, in this case, we mean that the extension has been developed using a formal modelling
tool, namely Isabelle’s HOL modelling environment [25].

Following Katis et al we describe a network construction model which allows processes to be hooked up
in sequence, parallel, and via feedback. The sequence operator is well known, being originally described by
Dijkstra. The parallel operator has been the subject of considerable interest in recent years, first defined by
Martin [19] and then investigated in detail by Back and Butler [5, 6] and also Mahony [14]. The feedback
operator is partially a contribution of this paper, having been suggested by the relational operator of Katis et
al. Following the usual refinement calculus approach we define a collection of novel refinement laws involving
these operators that support the top-down development of process networks from abstract specifications to
concrete implementations.

The resulting refinement environment represents a powerful tool for the analysis of both liveness and
safety properties of dynamic proceses. Furthermore, it is a tool which does not depend for its effectiveness on
a particular model of computation. In particular, it is in principle possible to adopt either digital or analog
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Fig. 1. Example process network.

process models and even to mix them. This represents a clear advance in analytical completeness over the
restrictive classes of properties and systems treated by most of the methods described above and a clear
advance in tractability over the more complete, though still model-specific, method of Stølen [28].

1.3 Summary of paper

The balance of the paper has the following outline. In Section 2 the basics of predicate transformer algebra
are introduced. In Section 3 the three network hookup operators are defined and refinement rules introduced.
In Section 4 an implementation language for networks of IFO machines is introduced. This language is used
in Section 5 to present some examples in the use of the refinement calculus. Finally, the results of the paper
are summarised in Section 6 and the network refinement calculus compared to existing network verification
methods.

2 Predicate transformer basics

This section briefly introduces the basics of predicate transformer algebra, as presented by Back and von
Wright [3]. The formal text in this paper follows the syntax and conventions of the Isabelle/Isar implementa-
tion of HOL [25]. In particular, proofs are presented in the Isar style [30] of proof-programming. Briefly, the
proof justifications fall into three broad categories. The keywords rule, intro, and elim indicate the use of the-
orems as inference rules. The keyword simp indicates the unwinding of definitions. The keywords auto, fast
and blast indicate the use of automated proof procedures. In general, the full Isar proof script is presented,
but where the full proof is particularly tedious we elide it, offering instead a brief informal justification.

This paper aims to address the high-assurance design and analysis of complex processes. Processes are
viewed as hierarchical networks of process elements communicating along dedicated channels. Such processes
may be represented using annotated graphs such as that depicted in Fig. 1. Various forms of polygons are
used to represent classes of network elements and directed arcs are used to represent information flows
or process components. This ability to render process networks in a graphic form is an important tool for
communicating their component structure and will form the basis of a graphical user interface for interacting
with process hierarchies in a forthcomming version of the DOVE tool. We make judicious use of it throughout
this paper.

The properties of processes are expressed through predicates. The reader is assumed to be familar with
the algebraic properties of predicates, but briefly a predicate φ::BΣ is a boolean-valued function of process
state Σ. The usual boolean operators are lifted to act on predicates, with the following operator precedents:
¬, ∧, ∨, ⇒, ∀ , ∃ . The standard boolean order is lifted pointwise to define the entailment order (�) on
predicates.

We identify three basic models for describing processes/specifications that, given inputs from Σ, construct
outputs from Γ.

The simplest model of process is as a logical function f ::Σ → Γ from input states Σ to output states Γ.
Functions allow us to describe from each input precisely the desired output. Such detail is of course necessary
for an implementation, but is often tiresome in the early stages of design.
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An easier option is to specify a range of allowed results. This can be done using a relation R::Σ ↔ Γ,
which is a function from input states Σ and output states Γ to the booleans. The natural lifting of the
boolean order to relations yields the entailment order on relations (also written �) which increases as more
choices are added to a relation. The range of choices allowed by a relation is known as the nondeterminism
exhibited by a relation. A relation S::Σ ↔ Γ, such that S � R, may be thought of as an implementation of
R.

In the abstract, relational entailment offers a simple, and therefore attractive, model for treating the
design process, but in practice relational verifications tend to be hard to deal with and to involve numerous
repetitive and complex calculations. In addition, it can be difficult to treat incompleteness and inconsistency
in specifications in an entirely satisfactory manner. These problems can be overcome by adopting the pred-
icate transformer as the basic process model. Predicate transformers were introduced by Dijkstra [8] as a
generalisation of relations.

A predicate transformer p::Σ �→ Γ is a function from predicates over output states BΓ, which we refer to
as effects, to predicates over input states BΣ , which we refer to as presumptions.

2.1 The refinement calculus

Predicate transformers offer a richer algebraic structure in which to model and analyse computational mech-
anisms, than do either functions or relations. Indeed Dijkstra seems to have found predicate transformers too
rich in structure and immediately began suggesting “healthiness criteria” intended to restrict attention to
those predicate transformers sufficiently relation-like in nature to be comprehended using his existing rela-
tional intuitions. As our understanding of the algebra of predicate transformers has grown, we have gradually
come to appreciate the power of such unintuitive features as magic, coercion, and angelic non-determinism,
however one healthiness criteria remains. We make use only of those predicate transformers which are mono-
tonic with respect to entailment, since these are rational in the sense that stronger presumptions are required
to achieve stronger effects.

In the following, we use the term process as a synonym for monotonic predicate transformer, since this
makes it easier to convey the intuitions behind the predicate transformer model.

defs monotonic def : monotonic p � ∀ φ ψ • φ � ψ ⇒ p φ � p ψ

Though we do not present the proofs, all of the operators presented in this paper construct monotonic
predicate transformers.

The pointwise lifting of the entailment ordering is called refinement ( 	 ) and is read “is refined by”.

defs refbyeq def : p 	 q � ∀ φ •p φ � q φ

The term refinement alludes to a view of top-down design as the process of removing the “impurities”
of incompleteness and nondeterminism in a specification until all that is left is the “pure” code which was
originally intended. This view is supported perfectly by the refinement relation since every refinement of
a process is able to achieve all of its effects under the same or weaker presumptions. Thus from a process
design standpoint, it is always acceptable to replace a process with a more refined process.

Much of process design can be viewed in terms of finding solutions to problems in process refinement
and the algebra of predicate transformers provides an ideal tool (we call it the refinement calculus) for
actually calculating solutions to design problems. This calculational facility often allows predicate transformer
based verification systems to be simpler than corresponding relational systems. In the refinement calculus,
verification laws tend to require fewer human-supplied parameters (many parameters can be replaced by
calculated most-general solutions) and fewer verification conditions (most-general solutions are solutions by
construction). In fact, these laws tend to be so much simpler that we call them refinement laws, so as to
focus attention on their use as design development tools rather than design checking tools.

The approach to network design taken in this paper involves the definition of a collection of pred-
icate-transformer operators that allow the modeling of process designs and implementations, together with
refinement laws for introducing and eliminating these operators during design development.

Again, though the proofs are not presented, all of the operators presented in this paper are monotonic
with respect to the refinement relation. This property is called vertical compositionality by Zwiers et al [31].
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(a) assertion (b) coercion

(c) function (d) specification

Fig. 2. Predicate transformer embeddings.

Compositionality is critical to the utility of the entire refinement approach, since it allows network designs
to be decomposed in such a way that the subcomponents may be developed in isolation, possibly by separate
design teams.

A second aspect of compositionality noted by Zwiers et al is horizontal compositionality. This requires
an operator to preserve implementations in the sense that when its arguments are implementations its result
is also an implementation. We call such operators code-preserving. It is important to realise that, in the
context of the refinement calculus, horizontal compositionality is a function of the implementation language.
All refinement calculus operators must be monotonic, but only program operators need be code-preserving.

Following Morgan [22] we express refinement laws in a vertical style which emphasises the transformation
aspects of the refinement process. In the vertical style, the specification is presented above a design, separated
by a horizontal rule and with any side-conditions to application of the law placed to the right of the rule.
For example, we write

p
q G

for the proposition G ⇒ p 	 q.

2.2 Predicate transformer embeddings

Predicates may be embedded as predicate transformers in two ways, either as an assertion about the process
state or as a coercion of the process state. Assertions and coercions can be represented as lollipop-style nodes
on a network graph, as depicted in Fig. 2(a) and 2(b).

defs
assert def : {A} � λφ •A ∧ φ
coerce def : [A] � λφ •A ⇒ φ

Assertions are refined by weakening their predicate and coercions by strengthening it.

lemma assertW :
{φ}
{ψ} φ � ψ

by (simp add: pand def )
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lemma coerceS:
[ψ]

[φ]
φ � ψ

by (simp add: pimp def )

Simple functions become point-replacement operators when embedded as predicate transformers. They
are represented on network graphs as diamond shaped nodes, see Fig. 2(c).

defs function def : 〈f〉 � λφ a • φ (f a)

Relations may be embedded as predicate transformers to give abstract specifications of desired relations
between inputs and outputs. Following Morgan [21], we introduce the specification statement as the pri-
mary method of expressing relational specifications. In addition to a relation between inputs and outputs
(the commitment), the specification statement also includes an assumption about the properties of inputs.
Specification statements are represented graphically by rectangular nodes, partitioned into assumption and
commitment compartments, as shown in Fig. 2(d).

defs spec def : [ A /E ] � λφ a •A a ∧ (∀b •E a b ⇒ φ b)

The main refinement laws dealing with specification statements allow the utilisation of the assumption
when strengthening the commitment and the weakening of the assumption.

lemma commitS:
[ A /E1 ]

[ A /E2 ]
(λa b •A a ∧ E2 a b) � E1

by (auto)

lemma assumeW :
[ A1 /E ]

[ A2 /E ]
A1 � A2

by (simp)

A deterministic specification is refined by the corresponding function.

lemma funI :
[ A / λa b •b = f a ]

〈f〉
by (simp)

3 Network constructors

We support three methods for hooking up the inputs and outputs of processes, as shown in Fig. 3. The
first method is sequential hookup, which is modeled by function composition. The second is parallel hookup,
which is modeled by the predicate transformer product operator. The third is feedback hookup, which is
essentially coerces one of a process’s outputs to have the same value as one of its inputs.

3.1 Sequential hookup

Composing processes sequentially is a simple matter of passing the outputs of one to the inputs of the second.
In the functional model this is achieved through function composition, in the relational through relational
join, and in the predicate transformer through reverse function composition. Sequential hookup is monotonic,
associative, and its identity hookup is the identity function 1.

defs
fseq def : f >> g � λa • g (f a)
rseq def : R >> S � λa b • (∃ c •R a c ∧ S c b)
seq def : p >> q � λφ •p (q φ)
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(a) sequence

(b) parallel (c) feedback

Fig. 3. Hookup mechanisms.

The technique for sequential decomposition of a specification, is to first express the commitment as a
sequential composition.

lemma midI :
[ A /E >> F ]

[ A /E ] >> [ λb • ∃ a •A a ∧ E a b /F ]
by (auto)

We also require rules for introducing coercions and for transferring information from coercions to speci-
fications.

lemma coerceI :
p

[φ] >> p
by (simp add: pimp def )

lemma assumeS:
[φ] >> [ A /E ]

[φ] >> [ φ ∧ A /E ]
by (simp add: pimp def pand def )

3.2 Parallel hookup

Hooking up two processes in parallel creates a single process which accepts pairs of inputs and produces
pairs of outputs. This is straightforwardly modeled in the function model of computation by the function
product operator.

defs fprod def : f 1 × f 2 � λ(a1, a2) • (f 1 a1, f 2 a2)

It is equally straightforward to define product operators for predicates and relations. However, lifting the
notion to predicate transformers proved more difficult and a number of approaches [14] were proposed before
agreement was found. The basic idea of this predicate-transformer product is quite straightforward, that is to
map effect predicates over a product space to presumption predicates by mapping the individual components
separately. Thus, the process p1 × p2 maps ψ1 × ψ2 to (p1 ψ1) × (p2 ψ2). Unfortunately, few predicates over
a product space are a product of predicates over the individual components. However this basic premise can
be used to define the predicate-transformer product using a technique similar to the “sum-of-the-rectangles”
approach to defining area in geometry. The image of φ under p1 × p2 is the union of the images of all the
“rectangles” contained in φ.

defs product def : p1 × p2 � λφ •∨ ψ1 ψ2 |ψ1 × ψ2 � φ • (p1 ψ1) × (p2 ψ2)
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x

a b

y

Fig. 4. Introducing a feedback loop.

This definition was first proposed by Martin [19] and has been analysed in some detail by Back and
Butler [5, 6]. Another possible approach to defining a product is to make use of a relational decomposition
property [19] to lift the relational product operator [14]. It turns out that both approaches yield the same
operator.

The basic technique for introducing a parallel hookup is to decompose the assumptions and the commit-
ments according to the desired subcomponents.

lemma spec prod:
[ A × B /E × F ]

([ A /E ]) × ([ B /F ])
by (auto simp add: pprod def )

Since, as already conceded, few predicates (or relations) are of rectangular form, this is a highly restrictive
approach to introducing products. However there are some points that can be made in favour of this situation.

Primarily, it must be noted that there should be no great imperative to decompose processes in parallel at
an early stage of design. In fact, in the general case, this is likely to be a highly ambitious aim. Consider what
such a decomposition implies about a design, namely that the subcomponents of a given process admit such
a strong decoupling of their behaviour that their further development may be done in complete isolation.
Seen in this light, it is clear that the introduction of products should not be forced, but rather that products
should be allowed to arise naturally from the design process as the elements of the design become more
concrete and determined. Indeed, some process components may exhibit such strong coupling of behaviour
that it never becomes convenient to explicitly separate them.

An artificial imperative to perform such decompositions has been introduced into a number of existing
approaches due to the coupling of the product and the feedback operators. In order to make use of the
properties of a feedback loop in a design it is thus necessary to “discover” a suitable decomposition of the
process components. This forms a major barrier to the use of such methods and is a strong argument in
favour of a decoupled approach to modeling parallel processes.

3.3 Feedback hookup

The third method of hooking up the inputs and outputs of processes is through the introduction of feedback.
The essence of feedback, as it is for iteration and recursion, is the construction of a fixed point. To see this,
consider the simple (abstract) network element depicted in Fig. 4. The effect of introducing a feedback loop
(depicted as a dashed line) from the output y to the input x is to equate their two values, necessitating the
discovery of a fixed point of the process when viewed as an input/output transformer. The only difference
is that in the cases of iteration and recursion the desired fixed point is a program while in the feedback
case the desired fixed point is some user-defined data structure. This of course has profound implications
for modeling feedback since it cannot be treated straightforwardly through the existing, complex models for
treating iteration and recursion. Perhaps the very focus on highly-developed fixed-point theories for treating
iteration and recursion has been something of a distraction in the treatment of feedback (we discuss other
approaches in Sect. 6). In fact, as was pointed out clearly by Katis et al [12], the situation with feedback is
actually much simpler. The introduction of a feedback loop may be viewed quite simply as the strengthening
of an existing specification to require that an output have the same value as a given input. It is this model
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x x’

a b

x’ = x

Fig. 5. Definition of feedback.

of feedback which we adopt, embodying it in the predicate transformer model by (as depicted in Fig. 5)
introducing the appropriate coercion and hiding the feedback variable so as to protect it from outside effects.

defs feedback def :
�p � φ a � (∀ x • (p>> [(λ x ′ • x ′ = x) × true ]) (true × φ) (x, a))

Since a feedback loop introduces a hidden coercion, it is important to have a clear intuition as to the
potential effects this may have. The first and most obvious danger is that the component process may have
no fixed points, making the feedback process inconsistent and therefore unimplementable. A more subtle
danger is that the component process may have many fixed points, even if it is itself deterministic. Thus a
feedback process may be nondeterministic even if its component process is deterministic.

Introducing a feedback loop is simply a matter of expanding the input/output spaces of a specification
to accommodate the feedback component.

lemma spec fbI :
[ A /E ]

� [ λ(x, a) •A a / λ(x, b) (x ′, b ′) •E b b ′ ] �
by (simp)

After applying spec fbI, the designer is free to use other refinement laws to introduce the desired prop-
erties of the feedback component. The important question in this is how the designer should go about
introducing assumptions about the behaviour of the feedback component. Our suggested approach harks
back to Morgan’s [21] original arguments in favour of the positive applications of miracles. We propose that
the designer introduce the desired properties as coercions of the feedback component on the input side so
as to allow them to be used as assumptions in subsequent development. Such refinements would conform to
the following general outline.

have
[ A /E ]

	
� [ λ(x::α, a) •A a / λ(x::α, b) (x ′, b ′) •E b b ′ ] �
by (rule spec fbI [rule format])

also have . . .
	
� [F] >> ([ λ(x::α, a) •A a / λ(x::α, b) (x ′, b ′) •E b b ′ ]) �
by (intro monotonic operators, rule coerceI )

also have . . .
	
� [F] >> [ F ∧ (λ(x::α, a) •A a) / λ(x::α, b) (x ′, b ′) •E b b ′ ] �
by (rule monotonic operators, rule assumeS)

This style of development turns out to be a safe application of miracles because the fixed point properties
of the feedback components mean that these coercions can eventually be eliminated using the following
refinement rule.

lemma fb coerceE:
� [E] >>〈f〉 �
� 〈f〉 � ∀ x a • fst (f (x, a)) = x ⇒ E (x, a)

by (auto)
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Thus, once the dataflow element has been refined to an implementation (function), any coercions on the
feedback components as inputs that have been used to aid that development can be eliminated, provided
they are in fact established on the feedback components as outputs.

4 Input/output machines with feedback

The astute reader will have noted (perhaps with some annoyance) that we have not yet mentioned any
concrete model of process behaviour which would legitimately allow us to consider the above formalism a
refinement calculus for process networks. The paper has been so presented in order to stress the fact that
all of the refinement calculus mechanisms of network composition are independent of the concrete process
model to be adopted. Thus we are free to fit the refinement calculus approach onto virtually any (state-based)
process model which supports any or all of the sequential, parallel and feedback forms of hookup.

Of course, in order to present any interesting examples in the use of the refinement calculus, it is necessary
to choose a particular concrete process behaviour model. The first decision in choosing a model is determining
how best to represent observations of the system components and an important part of this is deciding on an
appropriate model for time. In the large informal case studies we have done in network refinement we have
generally been concerned with physical flows such as water levels and line voltages [13, 15, 17, 18] and have
made use of the real numbers to model time. Unfortunately real-analysis support in Isabelle is not really
mature enough to be used for giving the sort of simple examples in refinement that we wish to present here.
Instead we model system observables using the natural numbers as our model of time.

Another important decision concerning such a model is the selection of a class of specifications which
may be considered terminal points of the design process, that is to say the process implementations. In the
program refinement calculus the assignment statements (deterministic, total specifications) are used as the
basis of the implementation language, the general class of implementations then being the closure of the
assignments under the various program operators. The introduction of the feedback operator complicates
this approach by having the potential to introduce non-determinism and even magic, even when applied to
deterministic processes. We must be careful how feedback is used in the implementation language if we are
to ensure the functionality of all implementations. Of course, a comparable problem also exists in the case
of the while operator, the difference being that a while statement may introduce incompleteness rather than
nondeterminism or inconsistency. Our approach to treating this problem is to construct an implementation
language in such a way as to ensure that feedback loops do not introduce nondeterminism or inconsistency.
An alternative approach might have been to follow the lead of the while-loop and introduce notions of
partial-correctness (all fixed points are refinements) and total-correctness (there is exactly one fixed-point).

The rest of this section is devoted to presenting a simple model of multi-threaded computation based
on digital traces and an implementation language which we call IFO machines, input/output machines with
feedback.

4.1 Traces

Temporal observations of I/O machines are modeled by traces. The simple traces are functions from the
natural numbers to instantaneous observations of the inputs or outputs of the I/O machine. We write Σ∗ for
the simple traces over Σ. More complex traces are built up as tuples of simple traces. We find it convenient
to adopt a subscript notation for indexing of trace elements, for example writing tn for the nth element of
the trace t.

Complex traces are composed/decomposed using the tzip/tunzip functions.

defs
tzip def : tzip � λt • (λn • ((fst t)n, (snd t)n))
tunzip def : tunzip � λt • (λn • fst tn, λn • snd tn)

Values may be attached to the front of simple traces.
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defs tcons def : a#t � λn • if n = 0 then a else tn − 1 fi

An indexed collection of predicates/relations can be lifted to a trace predicate/relation by conjoining
their pointwise applications.

defs dpprod def : Π Φ � λt • ∀n •Φn tn

In theory, the distributed product operator offers the power to express any desired predicate/relation
over traces. This is because every trace t has a corresponding characteristic predicate χ t which identifies
exactly the given trace. The characteristic predicate of a trace may be expressed as the distributed product
of the trace’s elements

χ t = Πn • λs • s = tn

and hence any predicate/relation may be characterised as a disjunction of distributed products.

φ = ∨t | φ t • χ t

For the purposes of this paper this theoretical completeness is sufficient, but it should be noted that in
practice some form of sophisticated temporal logic would be convenient for expressing and reasoning about
the properties of traces.

Trace predicates that may be expressed as distributed products or finite disjunctions of distributed
products are what Alpern and Schneider [2] refer to as safety properties. These are characterised formally
as: those predicates for which, any trace excluded by the predicate has a finite prefix, that has no extensions
that satisfy the predicate. The dual notion of liveness is also introduced, a liveness property being one for
which, every finite trace has an extension that satisfies the predicate. Informally, safety properties may be
violated in a finite time, while liveness properties may not. These notions of safety and liveness have taken
a central role in the search for tractable reasoning systems for distributed networks. A special form of safety
property is the invariant which may be expressed as the distributed product of a constant function, that is
in the form (Πn • I ) for some instantaneous predicate I.

4.2 IFO machine constructors

The basis of the IFO machine language is the I/O dynamic, which consists of a predicate transformer
of instantaneous states applied pointwise to an entire trace. In order to define this notion of “pointwise”
application, the distributed product operator is lifted to processes in much the same way that the binary
product was lifted.

defs
dfprod def : Π f � λt n • fn tn
drprod def : Π R � λt s • (∀n •Rn tn sn)
dprod def : Π p � λφ • (

∨
Φ | (Πn •Φn) � φ • (Πn •pn Φn))

The distributed product operator builds processes which calculate output traces by iteratively applying
sequential programs pointwise to their input traces. Actually the distributed product operator is somewhat
too general to be considered a real process operator, since it allows the sequential programs to vary with time.
In order to realise this a process would need to have some innate sense of absolute time, where in actuality
processes are only able to gauge the passage of time through the explicit use of devices such as clocks and
counters. In light of this observation, we introduce a restricted form of distributed product (do od) in which
the iterating program may not vary with the passage of time. This operator we call the dynamic program,
or the do-loop, and presented in graphical form as an oval shaped network element as shown in Fig. 6(a).

defs dynamic def : dopod � Πn •p

While a complete approach to developing process networks would require the adoption of a particular
sequential programing language for expressing dynamic programs, for the purposes of this paper it is adequate
to abstract away from such details.

The basic introduction rule for dynamics allows a trace specification involving an invariant assumption
and an invariant effect to be refined to a dynamic specification.
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(a) dynamic (b) latch

Fig. 6. IO process elements.

lemma spec dynI :
[Πn •A /Πn •E ]

do [ A /E ] od
proof (simp)

It is sufficient to observe that every trace property achieved by an invariant effect is satisfied by achieving
the effect at every point in the trace.

fix φ a assume a1: ∀n::N •A an and a2: ∀b • (∀n::N •E an bn) ⇒ φ b

show ∃Φ • (∀b • (∀n::N •Φn bn) ⇒ φ b) ∧ (∀n b •E an b ⇒ Φn b)
by (simp add: a2)

qed

For the most part the observations we made in regard of the strong decoupling required by the product
introduction rule apply again to this rule. An interesting point in this case is the fact that the decoupling
appears to restrict us to the treatment of invariant properties. In fact, the restriction merely introduces a
requirement to refine the trace specification by weakening assumptions and strengthening effects to the point
where it is expressed by some invariant behaviour. Arbitrary trace properties may be freely used at any point
up to the introduction of a dynamic design. The restriction at this point is not artificial, but rather a natural
result of adopting the dynamic as the basic computational device. Of necessity, a dynamic can only effect
behaviour that can be achieved by repeatedly performing the same (invariant) task. Nor is the choice of
the dynamic particularly unfortunate or artificial, the majority of embedded, control and communications
applications adopt exactly this architecture of tightly scheduled repetitive behaviour.

The main advantage in adopting dynamics as the basis for a network implementation language is the
observation that deterministic dynamic processes are causal. We don’t attempt to define this notion in the
general case, but in the deterministic case a causal process is one for which the first n inputs uniquely
determine the first n outputs. That is, the process does not look forward in time when determining the
current output. Clearly this is a necessary requirement for any notion of process implementation.

Any process constructed from causal network elements using sequential and parallel hookup will also
be causal, but, unfortunately, causality is not necessarily preserved under feedback, nor is it sufficient to
preserve determinism under feedback. In order to preserve causality and determinism, we follow Stølen [28]
and introduce the stronger notion of guardedness. A (deterministic) process is guarded if and only if the
(n+1)th output is uniquely determined by the first n inputs. For a detailed discussion of guarded trace
functions the reader is directed to Stølen [28].

The guardedness of a process may be ensured by introducing a delay or latch element into the network.
Latches are depicted in network graphs as small triangles, as shown in Fig. 6(b).

defs latch def : a� � 〈λt • a#t〉
A feedback loop is causal if the enclosed (causal) process is guarded in the feedback component. This

may be ensured by restricting feedback loops to be of the form

� p >> (a�) × 1 �

where p is a causal process. We call such feedback loops guarded-feedback loops and write

� a←−p �

as shorthand for the above process.
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p

Fig. 7. Elided network connectives.

In addition to dynamics and latches, the causal processes 1, 〈tzip〉 and 〈tunzip〉 are useful network
connectives. We introduce abbreviations �© and ≺© for the processes 〈tzip〉 and 〈tunzip〉 respectively. We do
not explicitly represent these processes on network graphs, since it is straightforward to infer their presence
from the way in which explicit network elements are connected. For example, since a dynamic must have a
single input stream and a product must be between processes, if can be inferred that the diagram of Fig. 7
refers to the process

(�© >> dopod) × 1.

We are now in a position to define the IFO network language.

– A dynamic machine do 〈f〉od is an IFO machine for any function f.
– The processes 1, �© and ≺© are IFO machines.
– If p and q are IFO machines then so are p >> q and p × q.
– If p is an IFO machine then so is � a←−p �.

In the case that p is of the form
�©>> do 〈g〉od>> ≺©

it is straightforward to show that
� a←−p �

uniquely constructs the feedback trace x which satisfies the recursive equations

x0 = a
(xn+1, tn) = g(xn, sn), n ∈ N

where s and t are respectively the global input and output. Thus, guarded feedbacks ensure the preservation
of both determinism and causality and all IFO machines are both deterministic and causal.

5 Some simple examples

In this section we present example refinements which illustrate the basic application of the network refinement
calculus.

5.1 Accumulating a sum

We begin with a straightforward, but thorough exercising of the refinement calculus approach. In order
to improve the readability of the example, we elide lambda bindings representing state variables, under the
convention that the names of the state variables and the context identify the formal arguments to the lambda
abstraction. For example, given state variables x and y, we would write x = y for the relational abstraction
λx y • x = y.

A simple network application is to calculate a running sum of the values being passed along input s,
passing the results on output t. This may be expressed very straightforwardly as a relational specification.
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Fig. 8. The summing machine.

let ?SUM = (∀n • tn =
∑n

k = 0 sk)

A simple solution to this problem is to use a feedback component a to store the previous value of the
sum. The relationship between a and s is:

let ?PSUM = a0 = 0 ∧ (∀n • an+1 =
∑n

k = 0 sk)

The desired property of t can then be effected by adding a to s at each cycle as shown in Fig. 8.
The refinement argument begins by introducing the feedback component.

have [ true / ?SUM ]
	
� [ true / ?SUM ] �
by (rule spec fbI)

Next we focus on the design of the internal component, first coercing the feedback property on the input
side.

have [ true / ?SUM ]
	

[?PSUM] >> ([ ?PSUM / ?SUM ])
proof −apply coerceI and assumeS qed

Now we focus on refining the specification statement, requiring first that b be a latched copy of t and
that t be the sum of a and s at each point.

have [ ?PSUM / ?SUM ]
	

[ ?PSUM /b = (0#t) ∧ (∀n • tn = an + sn) ]
proof (rule commitS [rule format])

The entailment is easily demonstrated by induction.

qed

The next step is to decompose the commitment relation, introducing relational sequencing and product,
then lifting these to the process level.

also have ...
	

[ ?PSUM /

(b = t ∧ (∀n • tn = an + sn))
>> ((b = 0#a) × (t = s)) ]

(is 	 [ / ?SELT >> ])
by (rule commitS [rule format], auto)

also have ...
	

[ ?PSUM / ?SELT ] >> ((0�) × 1)
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proof −apply midI and spec prod qed

Focusing on the summing element, we begin by eliminating the assumption.

have [ ?PSUM / ?SELT ]
	

[ true / ?SELT ]
by (rule assumeW [rule format], auto)

Since both b and t depend on both a and s, we zip them up to allow a dynamic implementation to use
them both. We write as for the zipping of a and s and bt for the zipping of b and t.

also have ...
	
�© >> [ true / ?SELT (tunzip as) (tunzip bt) ] >> ≺©

by (rule spec zipI)

Focusing on the dynamic element, we re-express the commitment as an relational invariant, so as to
implement it as a dynamic.

have [ true / ?SELT (tunzip as) (tunzip bt) ]
	

[ true /Πn • (b = a + s ∧ t = a + s) ]
proof −apply commitS qed

also have ...
	

do 〈(a ′, t) := (a + s, a + s)〉od
proof −apply spec dynI qed

Thus, we have shown that the design of Fig. 8 achieves the required commitment, provided that the
feedback component properly stores the partial sums.

finally have [ true / ?SUM ]
	

([?PSUM] >> �© >> do 〈(a ′, t) := (a+s, a+s)〉od >> ≺©) >> ((0�) × 1) .

The final step is then to eliminate the feedback input coercion, by demonstrating that the feedback
component does store the partial sums.

also have ...
	
� 0←− �© >> do 〈(a ′, t) := (a+s, a+s)〉od >> ≺© �
proof −convert body to single function, then apply fb coerceE qed

Thus we are now left with a pure IFO implementation of the summing machine specification.

finally have [ true / (∀n • t n =
∑n

k = 0 s k) ]
	
� 0←− �© >> do 〈(a ′, t) := (a+s, a+s)〉od >> ≺© � .

5.2 The magic of refinement

Our second example examines the potential dangers involved in introducing feedback assumptions and also
the protections built in to the refinement approach.

The main fear with making use of feedback assumptions is the possibility that the assumptions may
become self-fulfilling prophecies. Since an implementation need only achieve its commitment when its inputs
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satisfy the necessary assumptions, might it not be possible to use the postulated feedback assumptions to
construct an implementation which achieves its commitment only because it has been assumed to do so?

For example, consider the following refinement sequence.

have [ true / λs t •A s t ]
	
� [λ(x, s) •A s x] >> [ λ(x, s) •A s x / λ(x, s) (x ′, t) •A s x ∧ A s t ] �
proof −apply spec fbI, coerceI, assumeS, and commitS qed

At this point in the design process we have set up a potentially dangerous situation. Since x is already
assumed to satisfy the required property A s x, we can get a refinement of the specification statement by
simply copying the input x across to the outputs x ′ and t.

also have ...
	
� [λ(x, s) •A s x] >>〈λ(x, s) • (x, x)〉 �
proof −apply commitS, then funI qed

The design process seems to have gone completely wrong! It is clear that any further development from
this point could not possibly result in an implementation of the original specification, but what could have
gone wrong? We have carefully made use of trusted refinement laws and what we have arrived at is a design
which we know cannot achieve the desired result. Is there a problem with the definition of feedback, or worse
still a problem with the notion of refinement?

Neither of these. What has happened is that we have made a bad design choice, a choice which has led
us to a complete dead end. It is not just that we can no longer get to an implementation that satisfies the
specification, it is no longer possible to get to any implementation at all. In order to get code from the above
design we must eliminate the input coercion and this we can no longer do. This coercion is our protection
against making incorrect use of the feedback assumptions it allows us to introduce. It can only be removed
when we have been able to establish the required effect on the outputs absolutely and without recourse
to any feedback assumptions. This is not a unique phenomena in the refinement calculus, there are many
situations where we are allowed the freedom to introduce designs that have no implementation. The basic
argument in favour of risking such unsafe decisions is that the work required to ensure a design decision is
safe is comparable to the work required to construct an implementation. In most cases, it is far better to
risk the occasional deadend refinement sequence, than to be continually put to the work of checking that
every design decision is safe.

That said, there are situations in which this is not the case, primarily in the development of large-
scale projects in which multiple developers and indeed teams of developers are involved. Postponing the
elimination of the input coercion until the final stage of design becomes a considerable risk when there are
numbers of developers responsible for the various subcomponents of a system. In such cases it is imperative
to have a method of eliminating the coercion before the commencement of separate development efforts on
subcomponents. Fortunately it is possible to introduce variants on spec fbI and fb coerceE which support a
more localised approach to dealing with feedback assumptions.

lemma spec fbI2:
[ A /E ]

{A} >> � [ λ(x, a) •A a / λ(x, a) (x ′, b) •E a b ] �
by (simp)

lemma fb coerceE2:
{A} >> � [E] >> [ λ(x, a) •A a /F ] �

� [ λ(x, a) •A a /F ] �
(λ(x, s) •A s ∧ (∃ t •F (x, s) (x, t))) � E

by (simp, blast)

The important aspect of the variant feedback introduction rule spec fbI2 is that the environment as-
sumption is retained external to the feedback loop. The variant coercion elimination rule fb coerceE2 then
makes use of this external assertion to allow the input coercion to be eliminated once the designer has fin-
ished making use of it in the design of the feedback component. Thus the coercion is eliminated at a more
appropriate time, prior to the commencement of subcomponent development efforts.
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Fig. 9. Using separate calculating units.

5.3 A liveness example

Our final example explores the use of liveness properties as feedback assumptions. Even though the refinement
rules for introducing feedback assumptions do not distinguish between liveness and safety, the importance
this distinction has played in previous formalisms seems to demand that some attention be paid to the
matter. However, we do feel justified in only considering a simple and somewhat contrived example of their
use.

A stream processing machine accepts intermittent communications of natural numbers on a channel a1.
For each communication on channel a1 it must calculate the value f 1 (f 2 a1m) and output it on channel b1.
Since calculating the functions f 1 and f 2 may take a number of cycles, we simply require that for every
communication on a1 there is eventually a response on b1. A similar requirement is placed on a second
channel a2, with the exceptions that the processing functions are applied in the opposite order and that
outputs are placed on a second channel b2.

In formalising these requirements, we model the notion of an intermittent channel as a trace over the
natural numbers extended with a null element ⊥ (N⊥). Thus a trace of an intermittent channel consists
of natural numbers intermixed with null communications. We write δan for the requirement that the nth

communication on the intermittent channel a is a proper communication. Formally, we express the eventual
calculation of some function f by the following specification.

let ?CALC f = λ(a::(N⊥)∗) (b::(N⊥)∗) •
(∀n • δan ⇒ (∃m •n ≤ m ∧ bm = f an))

The requirement on b1 is then
?CALC (f 1 ◦ f 2) a1 b1

and that on b2 is
?CALC (f 2 ◦ f 1) a2 b2.

Both these requirements are liveness properties, because they do not dictate a deadline for when the calcu-
lations must be finished. Of course, it is not really intended that arbitrarily long times be allowed for the
calculations. Rather this is a convenient way of leaving the determination of the calculation times until later
in the design process, when more is known about the mechanics of the calculations.

The symmetry of the problem suggests the possibility of decomposing the process into one element for
calculating f 1 and one for calculating f 2. The idea would be to send inputs on a1 directly to the f 2 processing
element, then to the f 1 processing element and vice versa for inputs on a2. The resulting process topology is
depicted in Fig. 9.

The first step is then to introduce feedback components for passing these intermediate calculations
between the two processing elements. We retain the original assumption, so as to allow the early elimination
of the feedback coercion as described in the previous section.
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have [ true / ?CALC (f 1 ◦ f 2) a1 b1 ∧ ?CALC (f 2 ◦ f 1) a2 b2 ]
	
{true} >>
� [ true / ?CALC (f 1 ◦ f 2) a1 b1 ∧ ?CALC (f 2 ◦ f 1) a2 b2 ] �

proof −apply spec fbI2 qed

The strategy for using these intermediate channels is to perform f 2 processing on messages from a1, then
pass them along c1 for f 1 processing before outputing them on b1. Similarly c2 is used for intermediate
calculations of messages on the a2 channel.

This strategy is implemented by introducing the intended properties of the intermediate channels as
feedback assumptions, then using these properties to show that the proposed behaviour of the output channels
satisfies the original requirements.

also have . . .
	
{true} >>
� [?CALC f 2 a1 c1 ∧ ?CALC f 1 a2 c2] >>

[ ?CALC f 2 a1 c1 ∧ ?CALC f 1 a2 c2 /

?CALC (f 1 ◦ f 2) a1 b1 ∧ ?CALC (f 2 ◦ f 1) a2 b2 ] �
proof −apply coerceI and assumeS qed

also have . . .
	
{true} >>
� [?CALC f 2 a1 c1 ∧ ?CALC f 1 a2 c2] >>

[ ?CALC f 2 a1 c1 ∧ ?CALC f 1 a2 c2 /

?CALC f 2 a1 c1
′ ∧ ?CALC f 1 a2 c2

′ ∧
?CALC f 1 c1 b1 ∧ ?CALC f 2 c2 b2 ] �

proof (intro monotonic operators, rule commitS [rule format])

Eventually calculating one function and then eventually calculating the other is equivalent to eventually
calculating the composition of the two functions.

qed

The last step in this design is to remove the feedback coercions that we have now finished making use of.

also have . . .
	
{true} >>
� [?CALC f 2 a1 c1 ∧ ?CALC f 1 a2 c2] >>

[ true /
?CALC f 2 a1 c1

′ ∧ ?CALC f 1 a2 c2
′ ∧

?CALC f 1 c1 b1 ∧ ?CALC f 2 c2 b2 ] �
by (intro monotonic operators, rule assumeW [rule format], auto)

also have . . .
	
� [ true /

?CALC f 2 a1 c1
′ ∧ ?CALC f 1 a2 c2

′ ∧
?CALC f 1 c1 b1 ∧ ?CALC f 2 c2 b2 ] �

by (rule fb coerceE2 [rule format], auto)
also have . . .
	
� [ true /

?CALC f 2 a1 c1
′ ∧ ?CALC f 1 a2 c2

′ ∧
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?CALC f 1 c1 b1 ∧ ?CALC f 2 c2 b2 ] �
by (intro monotonic operators, rule assumeW [rule format], auto)

The next step in the development would be to decompose the internal specification in parallel, but we
leave that as an exercise for the interested reader. The purpose of this section was to demonstrate the use of
liveness properties as feedback assumptions, in this case the properties ?CALC f 2 a1 c1 and ?CALC f 1 a2 c2.
The result has been a fairly banal repetition of our previous treatments of feedback assumptions. Indeed, the
most novel aspect of the design derivation was the utilisation of the “localised” elimination rule fb coerceE2

that was introduced in Sect. 5.2. This is not surprising, since the introduction rules for feedback coercions
make no distinction between liveness and safety properties.

6 Conclusions

This paper has considered the application of the refinement calculus to the specification and design of
process networks consisting of sequential, parallel and feedback elements. The sequential and parallel hookup
operators are well known from the literature [3, 5], but to the best of our knowledge the predicate transformer
feedback operator is a novel generalisation of the relational operator proposed by Katis et al [12].

In order to make use of feedback assumptions in process developments, we have suggested the novel use
of coercions on the feedback components as inputs. We have shown how these magical annotations may be
eliminated from the final implementation (fb coerceE) or even from earlier stages of the design in the case of
large-scale developments (fb coerceE2). The addition of these refinement laws makes the refinement calculus
a powerful tool for analysing process networks, capable of treating both safety and liveness properties with
equal simplicity.

An important aspect of the resulting network refinement-calculus is its abstraction from any underlying
model of process computation. The network refinement-calculus is potentially able to support a wide range
of implementation models either in isolation or even in combination.

As a means of providing concrete examples of the network refinement-calculus in action, we have intro-
duced the IFO machine as a simple, abstract model of process computation. The basic building block of the
IFO language is the dynamic, a novel, if straightforward, generalisation of the product operator. Specialised
refinement rules have been introduced to support IFO implementations and some examples given in the
refinement of IFO machines. Again we stress that the refinement calculus is not restricted in its application
to these IFO machines. It could just as easily have been applied to dataflow/stream-processing functions,
real-time automaton, state machines, or indeed any state-based model of process computation. Applying the
network refinement-calculus to event-based models may be more problematic since they sometimes lack a
clear distinction between input and output components.

It is worth noting here that the various hookup introduction rules make no distinction between the use of
safety and liveness properties, either in assumptions or in commitments. In fact we had no need of introducing
the notions at all until we came to the introduction rule for IFO dynamics. The treatment of liveness has
generally been a problematic aspect of network design formalisms. Misra and Chandy [20] restricted their
approach entirely to safety properties, while Lamport’s TLA [1] finesses the problem by introducing the
arcane notion of the closure of a liveness property to overcome a prohibition on the use of liveness properties
as feedback assumptions. More recently, Stølen has proposed a feedback verification rule which allows the
use of liveness properties, but once again it involves the difficult computation of closures and in addition
the introduction of an invariant property (with a safety component). All of these difficulties stem from the
treatment of feedback through the sophisticated notion of recursion, rather than through the more naive
notion of fixed-point. Although at the function level, these notions are almost identical, at the relational level
they differ vastly. A recursion-based view of feedback immediately places the focus on finite traces and safety,
forcing an indirect treatment of infinite traces and hence liveness. By adopting the naive fixed-point approach
suggested by Katis et al [12], we have rendered the distinction between safety and liveness irrelevant. The
resulting feedback-hookup introduction rule is vastly simpler, involving no calculations at all.

Apart from the gains made in adopting the naive fixed-point view of feedback, the adoption of predicate-
transformer semantics offers significant gains in tractability over pure relational semantics. A significant
strength of predicate-transformer semantics is the ability to provide a clear, semantic separation between
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assumptions and commitments. While the assumption and commitment associated with a specification state-
ment are semantically unique, any given relational specification admits quite arbitrary assumption/commitment
decompositions which must be treated through the introduction of adaptation rules. The availability of (dis-
tinct) assertions and coercions also greatly adds to the power and flexibility of the refinement calculus, as
compellingly demonstrated by our approach to the introduction and elimination of feedback assumptions.
By introducing feedback properties as coercions we flag an intention to make the feedback property true. If
assertions were used, it would instead indicate that we were assuming that they were already true. Such a
distinction could not be made in a pure relational model.

A number of future research directions are suggested by the issues raised in this paper. The interface
between trace-based design and sequential program code needs considerable elaboration. It would certainly
be useful to be able to introduce more general program operators than the simple nonterminating loop
of spec dynI. This might allow, for example, the clear decomposition of a program into initialisation and
processing phases. An important future direction of this work is also to apply the refinement calculus to truly
real-time processes. In order to do this a computation model based on continuous functions of real-time [16]
may be adopted. However, it will require considerable development of the Isabelle real-analysis environment
to make this feasible. Work in this direction is currently underway in collaboration with the SVRC at the
University of Queensland.
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